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Abstract

This paper illustrates an application of wavelets as a possible vehicle for investigating the issue of market efficiency in
futures markets for oil. The paper provides a short introduction to the wavelets and a few interesting wavelet-based
contributions in economics and finance are briefly reviewed. A wavelet-based prediction procedure is introduced and
market data on crude oil is used to provide forecasts over different forecasting horizons. The results are compared with
data from futures markets for oil and the relative performance of this procedure is used to investigate whether futures
markets are efficiently priced.
© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

There are two types of trade in oil markets namely one that is based on immediate delivery and one that is based on
delivery at some future point in time. Spot markets are dealing with the first type of trade while futures and forward
markets are dealing with the other. The market conditions (e.g. market risk, trade imbalances, etc.) alongside a series of
other factors (e.g. credit risk, insurance risk, seasonal factors etc.) are often blamed for causing inherent uncertainties in
oil markets. Futures (and forward) markets are devised to provide hedging mechanisms for dealing with these uncer-
tainties. In order to do so, the oil future contracts establish prices for buying or selling oil at future dates for given prices
and in accordance to specific delivery and trade terms. In a way, future prices reflect the markets’ expectations about the
future market conditions and therefore the gap between the spot and future prices is often used as a signal for describing
the general market condition. Various theories of Backwardation (e.g. when spot prices exceed future prices) or Con-
tango (e.g. the inverse scenario) in literature are devised to address this issue from a mathematical perspective. These
theories are based on the general concept of market efficiency and often conceive the future markets as (analytically)
rational and efficient. Scholars often question whether these perceptions are indeed self-evident or, if they can be empir-
ically verified in a convincing way. In particular whether futures markets are efficiently priced remains as a controversy.
In this paper we intend to illustrate an application of wavelets methodology as a possible vehicle for addressing this
issue. In short, the purpose of this paper is two-folded and includes a brief introduction to the wavelet methodology
and a wavelet-based prediction procedure followed by an application of this procedure to market data on crude oil
and a comparison of the results with data from oil futures market.

* Corresponding author. Tel.: +49 2642 932 217.
E-mail address: weinreich@rheinahrcampus.de (I. Weinreich).

0960-0779/$ - see front matter © 2005 Elsevier Ltd. All rights reserved.
d0i:10.1016/j.chaos.2004.11.015


mailto:weinreich@rheinahrcampus.de 

266 S. Yousefi et al. | Chaos, Solitons and Fractals 25 (2005) 265-275

Although wavelets are known to have significant impact and widespread application in a variety of scientific fields
(such as hydrodynamics, geophysics, data processing, image compression, detection of discontinuities, neural networks,
etc.), the wavelet methodology appears to be an uncharted territory in the realm of social sciences. Only recently, a few
studies rely on the wavelet methodology as a viable tool for studying dynamic properties of different financial and eco-
nomic phenomena.

The origins of wavelet methodology can be traced to the classic theory of harmonic analysis and the seminal con-
tributions of Joseph Fourier, Alfred Haar and Paul Levy. Since the appearance of the pioneering work of Morlet and
Grossman in 1980s [1] wavelet methodology has been introduced to the literature as a regular alternative for analysing
irregular situations where the data/signal contains scaling properties, discontinuities, sharp spikes etc. (see [2] for de-
tails). These contributions were followed by the introduction of the general idea of multi-resolution analysis by Mallat
and Meyer and the notion of orthogonal wavelet bases by Daubechies in 1980s [3-5]. Fortunately, the conceptual
framework of multi-scale analysis and discrete wavelet transformations seems to have the potential to become a useful
vehicle for exploring and understanding various dynamic features of economic time series. As a matter of fact, during
the last ten years or so, a few wavelet related studies of financial forecast strategies have surfaced in the literature (see
[6-9]). Ramsey [10] provides a general review of wavelet literature in economics and finance and puts a few interesting
contributions in perspective. Alongside other issues, Ramsey also considers a few problems and potentials associated
with the application of wavelets for forecasting economic/financial series. Our study is partly motivated by these
considerations.

In this paper we intend to rely on wavelet methodology and investigate whether if future contracts are effectively
priced. In doing so, we focus on the usefulness and performance of wavelets in providing out of sample forecasts
for the oil prices. We also try to deal with several associated issues and provide a balanced account of the problems
and promises. The applied procedure is motivated by some basic properties of wavelets and is based on the application
of the discrete wavelet transform (DWT) on time series of average monthly crude oil prices. The idea is to subdivide the
price data/signal in low and high frequency part. By relying on DWT, the data is decomposed in several scales and
coarse and fine parts of the data are obtained. The coarse scales reveal the trend, while the finer scales might be related
to seasonal influences, singular events and noise. This is followed by an appropriate and adaptive extension of the signal
(which is depending on the behaviour on each scale). Consequently, (out of sample) forecast values on each scale are
calculated and the inverse wavelet transform is used to generate a forecast for the whole signal. The forecasted values
are calculated for 1, 2, 3 and 4 months ahead. In order to illustrate the predictive power of this procedure, the forecast
procedure is repeated for a large number of samples with identical lengths. The resulted forecasted values are then com-
pared with the actual market expectations (represented by the average monthly future prices) for the same periods.

The paper develops as follows. Section 2 provides the historical background and focuses on the general features of
wavelets. Section 3 provides an analytical introduction to the notion of multi-scale analysis and elaborates on discrete
wavelet transforms in wavelet theory. A brief review of the role of wavelets in economic literature is presented in Section
4. A detailed specification of the wavelet-based forecasting procedure alongside details on data and a balanced presen-
tation of the obtained results are provided in Section 5. Section 6 provides the concluding remarks and a general dis-
cussion of the results.

2. Roots in harmonic analysis and the role of scaling properties

The Fourier transform technique is a fairly standard tool for analysing harmonic and stationary time series. The
method is based on a linear decomposition of the signal into Fourier bases (i.e. sine and cosine functions of different
frequencies) while the properties of the underlying function are supposed to be derived from the properties of the asso-
ciated trigonometric bases. In other words, the embedded information in a given time series is represented as a function
of frequency with no specific mechanism for preserving information in time. Such an approach seems to be useful for
the analysis of well-behaving stationary or periodic signals but highly problematic for dealing with local phenomena
such as singularities and sharp transients.

Around 20 years ago researchers started to use wavelets as an alternative to Fourier transform for the analysis of
acoustic and seismic signals that usually pose singularities and irregular transients [1]. In contrast to regular Fourier
transforms (e.g. various manifestations of extended trigonometric functions), wavelet analysis works with translates
and dilates of a single local function y: the mother wavelet. An advantage of the wavelet transform in comparison with
the Fourier transform is that the wavelet coefficients reflect in a simple and precise manner the properties of the under-
lying function. A mother wavelet is locally defined, i.e. it either should have compact support or decay sufficiently fast.
It implies that small changes in the signal have only limited influence on the coefficients of the corresponding wavelet
representation. The existence of mother wavelets (with compact support and certain smoothness) is not a trivial ana-
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lytical issue and details concerning the construction of a class of compactly supported wavelets with arbitrary smooth-
ness were first addressed by Daubechies in the late 1980s [11]. Daubechies’ work provides a reliable vehicle for obtaining
orthogonal wavelet bases by translating and dilating the mother wavelet. A mother wavelet y with compact support is
located in a finite interval. It implies that a singularity can be analysed by considering only those translates of y which
overlap the singularity. Finer details can be analysed by scaled versions of iy with smaller support. Consequently, the
local analysis of a function is possible with the aid of only few basis functions. On the other hand by using wavelets we
obtain a decomposition into scales of different resolution (the so called multi-scale decomposition).

At this stage, it is worth to note that in wavelet literature the notion of scaling is somehow different to alternative
views that have already been introduced and employed in economics and finance literature. As a matter of fact, there is
a sizeable body of literature on scaling phenomena in nature and society. Depending on the nature of the processes,
different scenarios are occasionally formulated as scaling laws or presented in the framework of the conditional predic-
tive distributions. A large segment of literature on scaling, deals with issues related to economics and finance (see Ref.
[12]). In this tradition, the basic notion of scaling is often associated with the presence of deterministic or statistical
regularities (in a given phenomenon) that are (seemingly) independent of the scale details. This notion is often illus-
trated by considering the presence of common properties in the plots of one variable against another variable in log-
arithmic scale. Such common properties have been regularly addressed in theoretical and empirical studies of economic
data. Among the most well-known examples are Pareto’s law (on income distribution), Zipf’s law (on city size etc.),
Gibrat’s Law (on distributions of firm size and growth), Mandelbrot’s studies of commodity prices and various versions
of Bak’s sand pile model.

Despite the initial sceptical reaction to these contributions, the work on scaling relations in economics is fairly jus-
tified. Obviously, the presence of scaling relations in a given economic process signifies empirical regularities that are
expected to be considered, described, interpreted and finally replicated in any reasonable modelling effort. As far as
the analysis of economic time series (e.g. commodity prices) are concerned, the presence of scaling relations can be used
to characterize the statistical properties of the underlying process and to provide alternative means for dealing with the
volatility issue and other issues related to conditional moments (mean, variance, etc.). A fairly known example is the
power law distribution of price increments in Mandelbrot’s studies of commodity prices. In this case, the underlying
probability structure is postulated to follow a relation similar to Pr(Z > i) ~ i~ * The standard restriction is to consider
o < 2 for independent increments. An alternative model, involving multi-fractals and dependent increments allows o to
be between 1 and oco. Mandelbrot’s recent contributions to the first issue of the Quantitative Finance elaborate on these
models and this particular perception about the general issue of scaling in financial prices. Furthermore, the interested
reader is advised to consult Brock [12] for detailed elaborations on these issues and for further references to the liter-
ature on scaling in economics.

As regards the present study, we intend to confine our efforts to a general application of multi-scale analysis as it is
understood in wavelet literature. The basic idea is to consider a signal which can be decomposed by wavelet transform
in different scales. The scales contain contributions of the signal of different frequencies. When embedded in an appro-
priate function space, the multi-resolution (or multi-scale) analysis of a function (or signal or time series) can be
performed.

3. Wavelets in economics and finance

In this section, we intend to provide a short overview of a few wavelet related contributions in the economic liter-
ature. It is worth to mention that Ramsey [10] and Gencay et al. [13] are two other sources that provide broad reviews of
the literature. In order to maintain brevity, we only refer to contributions that are not mentioned in these sources. The
interested reader is well-served by consulting these sources for further details.

The application of wavelet theory in modelling and analysing economic data (and phenomena) is still in its infancy
and many properties of these models are not explored yet in economic and finance literature. Apparently the upsurge of
interest in application of wavelets in economic literature began in the middle of 1990s by the contributions of Ramsey
and his collaborators. Seemingly, the first paper that appeared in 1995 focuses on the scaling properties of speculative
assets as a possible mechanism for revealing the underlying hidden order in the data [14]. To the best of our knowledge
a paper by Cao et al. [6] seems to be the first paper that actually combines the wavelet networks with Taken’s phase
space reconstruction technique in order to devise a procedure for forecasting economic time series.

Wong et al. [15] provide a recent example of using wavelet-based methods for forecasting exchange rates. Three
other regular time series methods are used as references in order to justify the application of the suggested forecasting
procedure. Davidson et al. [16] use wavelets in order to introduce a semi parametric approach for analysing commodity
prices. They conclude that wavelet analysis is particularly useful in describing the general features of the commodity
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prices such as structural breaks, co-movements of prices, and the unstable variance structure and time dependent vol-
atility. Macroeconomics is another interesting area. A recent application of wavelets in analysing economic cycles is
provided by Jagric [17]. Almasri and Shukur [18] address the causal relation between spending and revenue. Ramsey
[10] and Gencay et al. [19] look into similar relations between Money and Income, Expenditure and Income and Money
Growth and Inflation. Tkacz [20] builds a bridge to co-integration literature and proposes to use wavelet OLS estima-
tors for estimating fractional integration of US and Canadian interest rates.

Finally, it is also worth to mention a recent stream of the papers that are predominantly using wavelets to address
theoretical econometric issues such as devising test (and/or estimation) routines for significance, variance structures,
serial correlation, model specification and memory processes (see for instance Refs. [21-28]). These papers are quite
dispersed in the literature and their actual content might be out of the scope of this work. Nevertheless, we find it appro-
priate to credit them and recommend the interested reader to consult them for further details.

4. Multi-scale analysis and discrete wavelet transform

This section provides a schematic overview of the basic mathematical issues and the associated details. The under-
lying mathematical structure for wavelet bases of a function space ¥ is a multi-scale decomposition (the so-called multi-
scale analysis). The classical example from Meyer [5] considers such a decomposition for the Hilbert space L,(R). Multi-
scale analysis involves a hierarchical sequence of nested subspaces V; of the function space V' (i.e. --- C V;C Vi C--+)
with empty intersections and dense closures in Ly(R). It is a decomposition in several resolution levels that requires a
two scale relation such as fix) € V; <= f(2x) € V;_;.

Starting point for such a decomposition (and for the construction of the wavelet bases) is the so-called father wavelet
¢. This function should preferably have compact support and its integer translates ¢(x — k), k € Z, span a space V. A
finer space V; is spanned by the integer translates of the scaled functions @(Yx — k). Scaling by 2 provides the basis
functions for the space V; and the nestedness of the spaces V; yields a scaling equation

o) = ap(2x —k) (1)
kez
with appropriate coefficients a;, k € Z. The mother wavelet s is obtained by building linear combinations of the scaled
father wavelet. In order to maintain orthogonality one has to select the proper coefficients in that linear combination. In
other words one has to secure that the translates of father and mother wavelet are orthogonal:

<<p(_k)7lp(_l)> =0, LkeZ (2)
The scaling equation (1) and the orthogonality condition (2) lead to conditions on coefficients b, which characterize
a mother wavelet as a linear combination of the scaled and dilated father wavelets ¢:
W) = bep(2x — k). (3)
kez

Actually, the wavelets ¥ are uniquely determined by their coefficients {b; }k € z. A common example for a (mother)
wavelet is the Haar wavelet yy with

1 forxe[0,0.5],
Y(x) =4 -1 forxe[0.51],
0 forx¢][0,1],

that can be obtained from the father wavelet

1 forxel0,1],
‘p(x)’{o for x ¢ [0, 1].

Note that in this case the father wavelet satisfies the scaling equation ¢(x) = ¢(2x) + ¢(2x — 1), so the coeflicients in (1)
are ap=a; = 1 and g, = 0 for k # 0, 1. The Haar wavelet is defined as a linear combination of the scaled father wavelets
Y(x) = p(2x) — ¢(2x — 1) which means the coefficients b, in (3) are bp=1 and b; = —1 and b, = 0 otherwise. Haar
wavelets can be interpreted as a simple Daubechies’ wavelet of order 1 with 2 coefficients. In general, Daubechies’ wave-
lets of order N are not given analytically but described by 2N coefficients. The higher &, the smoother the corresponding
Daubechies’ wavelets are (the smoothness is around 0.2 * N for greater N). Daubechies’ wavelets are constructed in a
way such that they give rise to orthogonal wavelet bases. By combining ideas from Fourier analysis and filter banks it is
possible to describe conditions for orthogonality of the bases with respect to conditions for the filters @, and b, in Egs.
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(1) and (3). It is possible to show that the orthogonality of the translates of ¢ and y, requires that ), a; =2 and
> ybr = 2. In the Haar case this can be easily checked.

Given a fixed wavelet, the whole wavelet basis is obtained by scaling and translating the function . The scaled and
translated (and normalized) versions of i are denoted by

Vi =20 (2x — k).

With a (orthogonal) wavelet y the set {; |/, kK € Z} is an orthogonal wavelet basis. A function f can be represented as

/= Z ch,klpj.k (x)-

Jj€Z keZ

The discrete wavelet transform (DWT) corresponds to the mapping /' — ¢;,. DWT provides a mechanism to represent
data or time series f in terms of coefficients that are associated with particular scales (see Ref. [2]) and therefore is re-
garded as a fairly effective instrument for signal analysis. The decomposition of a given signal f into different scales of
resolution is obtained by the application of the DWT to f. In practical applications, we only use a small number of levels
j in our decomposition (for instance j = 4 corresponds to a four level wavelet decomposition of f).

The first step of DWT corresponds to the mapping f'to its wavelet coefficients and from these coefficients two com-
ponents are recovered namely a smoothed version (the so-called approximation) and a second component that corre-
sponds to the deviations or the so-called details of the signal. A decomposition of f'into a low frequency part @, and a
high frequency part d; is represented by f = a; + d,. The same procedure is performed on «; in order to obtain a decom-
position in finer scales; @) = a, + d,. A recursive decomposition for the low frequency parts follows the directions that
are illustrated in the following diagram:

S am o oa - oay - ay
d, d; dy -+ dy
The resulting low frequency parts ay, . . .,a, are approximations of f, and the high frequency parts d, . . .,d, contain the

details of f. This diagram illustrates a wavelet decomposition into N levels and corresponds to
f:dl +d2+"‘+d}v71 +dN+aN.

In practical applications, such a decomposition is obtained by using a specific wavelet. Several families of wavelets have
proven to be especially useful in various applications. They differ with respect to orthogonality, smoothness and other
related properties such as vanishing moments or size of the support. In the present case it turned out that Daubechies’
wavelets yield good results.

5. Wavelet-based forecasting

This section provides a schematic overview of a wavelet-based forecasting procedure. It is followed by an application
of this procedure on averaged monthly data from the oil market. The data material consists of averaged monthly WTI
spot prices ($/bbl) alongside NYMEX futures prices for future contracts ($/bbl) with 1, 2, 3 and 4 months’ horizon. The
original data material stems from the website of US Department of Energy, EIA and covers the period 2 January 1986
to 31 January 2003. The data on spot prices is used to generate out of sample forecast for oil prices in 1, 2, 3 and 4
periods ahead. Since the NYMEX oil future prices are generally regarded as global benchmarks, the data on NYMEX
future contracts is used to form a mechanism for comparing own forecasting results with market expectations. These
results are used to control if the oil futures market is effectively priced.

The entire procedure consists of four steps namely pre-processing of data, wavelet decomposition, signal extension
and wavelet reconstruction. Pre-processing of data addresses various inconsistencies and missing points in the data.
These problems are often related to certain days in which the market has been closed (weekends and national holidays),
or the days in which the trade has been halted due to unexpected events and crises. As a matter of fact, the number of
rows in the two underlying data sets (for the period 2 January 1986 to 31 January 2003) is not the same. Obviously, this
kind of problems, make it fairly difficult to use the daily data from futures markets as a basis for comparison. As an
alternative, we suggest to generate the monthly average of both types of data and use them as input for further analysis.
This approach provides a total of 216 consecutive monthly observations for averaged spot prices and averaged prices
for 1, 2, 3 and 4 months future contracts. The monthly averaged price data is used to select 100 random samples of
consecutive observations with equal length. Each individual sample is used as an input for the proposed forecasting
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Daubechies wavelet of order 7

Fig. 1. Daubechies wavelet of order 7.

procedure. In each step, the out of sample forecast for 1, 2, 3 and 4 periods ahead are calculated. Obviously, this ap-
proach implies some degree of smoothing but (in balance) it also provides a reasonable basis for a repeating execution
of the proposed forecasting procedure. The Wavelet toolbox in Matlab is used as a standard tool for the process of
wavelet decomposition. This step involves several different families of wavelets and a detailed comparison of their per-
formance. In our case, the Daubechies’ wavelets of order 7 (Fig. 1) outperform the other alternatives. A 5 level wavelet
decomposition of the given times series Xy =: f'is performed

f=as+ds+---+d,+d.

Obviously, the smooth part of fis stored in as, and details on different levels are captured by d,, .. .,ds. Consequently a
decomposition of the time series in five different scales is obtained.

Fig. 2a illustrates the decomposition of the original signal. Here the first level of details provides the short term var-
iation within a month or two, while the next levels of details represent the variations within 2/ months’ horizon, indi-
cating that the oil price dynamics is mainly caused by short term fluctuations.

Fig. 2b illustrate the decomposition of an arbitrary sample (from the first half of the signal). This is used to illustrate
the underlying mechanism for the forecasting procedure since the actual forecasts are based on an appropriate exten-
sion of samples of similar type and size.

The idea is to use the wavelet transform and to extend the decomposed data on each level. It is obvious that the
signal on the different levels illustrates a quite different behaviour. For the approximation level as (and the highest detail
level ds), a spline fit is applied to extend the signal. The lower detail levels d,, . . ., d4 show higher frequencies. Therefore a
spline extrapolation would not be appropriate. Since the oscillations occur in the detail parts, a trigonometric fit seems
to be more appropriate for obtaining an extension for those parts of the signal. A sine fit as described in [29] is applied
to extend the decomposed signal on these levels. The Matlab routine sinefit.m by Chen [30] is used for this purpose. This
routine provides optimal extraction of features in sampled noisy sinusoidal signals.

The reconstruction of the wavelet involves the application of the inverse wavelet transforms on the decomposed and
extended signals on different scales. By doing so an extended signal that also includes the out of sample forecasts for 1,
2, 3 and 4 periods ahead is obtained.

This forecasting procedure is repeatedly applied to 100 random samples. Fig. 3 summarizes the results for forecast-
ing 1 period ahead. The top diagram illustrates the plot of the forecasted values vs. the actual values. As an alternative,
the second diagram illustrates the plot of the future values vs. the actual values. The Figs. 4-6 provide similar results for
other forecasting horizons (e.g. 2-4 months ahead). The corresponding correlation data is given in Table 1. Next section
puts these results in perspective and elaborates on a few related issues.

6. Discussion and concluding remarks

Present paper shares much of it’s underlying analytical reasoning with the work recently reported in [31,32]. As re-
gards the empirical findings, our results illustrate a persistent pattern (over 1-4 months’ horizon) indicating that the
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oil reconstructed time series
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Fig. 2. (a) 5 level decomposition of the oil price data. (b) 5 level decomposition of an arbitrary sample (first half).

wavelet-based forecast procedure outperforms the future market in average. Apparently, this superiority in forecast
does not diminish when the forecasting horizon is extended. This feature is particularly interesting, since one usually
expects the opposite scenario (i.e. declining predicting power for extended forecasting horizons). Seemingly, these
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Fig. 3. Relative performance of wavelet-based forecast vs. future data (1 month).

wavelet vs observed: 0.98888 2 months ahead
35 T T T T

30

25 % Bagh® -
15

10 . 1 1 1 1
10 15 20 25 30 35

future vs observed: 0.9003 2 months ahead
35 T T T T

30t . w

25" . . s * -1
20+ e
15F & .*a* % . -

1010 15 20 25 30 35

Fig. 4. Relative performance of wavelet-based forecast vs. future data (2 months).

results support the idea that the futures market might not be efficiently priced. Nevertheless, a balanced interpretation
of these results requires further elaboration on a series of issues.

First, it is worth to note that the pre-processing of the data (and work with averaged monthly data) has removed the
inner monthly variations from our analysis. On the other hand, the market for oil is known to be highly influenced by
seasonal movements (that are often related to monthly variations in production and consumption) and to a limited de-
gree to daily variations. Furthermore, transactions in oil spot markets involves actual delivery within three to four
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Fig. 5. Relative performance of wavelet-based forecast vs. future data (3 months).
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Fig. 6. Relative performance of wavelet-based forecast vs. future data (4 months).

weeks and therefore it is reasonable to assume that the dealers in NYMEX have a fair feeling about the supply/demand
imbalances in short term. Actually, this feature has been captured in the three graphs associated with di, d>, d5 in the
process of wavelet decomposition (Fig. 2), indicating that the oil price dynamics is mainly influenced by monthly and
seasonal fluctuations.

Second, it is worth to mention that the predictive power of wavelet-based forecasting procedure is highly sensitive
to sample size. In order to illustrate this feature, we have focused on one period ahead forecast and repeated the
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Table 1

The correlation data and the relative performance of the two alternatives

Forecasting horizon Wavelet-based forecast Futures
1 month ahead 0.992 0.952

2 months ahead 0.998 0.903

3 months ahead 0.995 0.841

4 months ahead 0.998 0.772

Correlation vs. sample length

08f =

06| 4

02f -

02k —— wavelet corr |
future corr

-0.4

Fig. 7. Tllustrating the sensitivity of wavelet-based forecast to sample size (1 months).

forecasting procedure for sample sizes between 60 and 110. In each case the correlation coefficient between the predicted
values and the actual values is calculated and compared with the corresponding correlation coefficients between the fu-
ture values and the actual values. Fig. 7 illustrates the predictive power of both alternatives for varying sample sizes.
The calculated correlation coefficients are given on the vertical axe and the sample size on the horizontal axe. As illus-
trated in Fig. 7, the wavelet-based forecasting procedure works best for large sample sizes around 100 and larger. It is
not surprising to expect similar patterns to emerge for other forecasting horizons as well. Wavelet-based estimation of
the variance and covariance structure of the oil market (alongside the estimation of higher moments) and the general
issue of sample sized related sensitivity of wavelet-based forecasting are interesting issues that are demanding separate
studies.
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