223 Assignment 6 Solutions

§11.5 #1 These two intersect at the unit circle centred at the origin. Note z = r? and z = 2 — 2. What
2
we really have here is a triple integral in cylindrical coordinates: [ [ [, 1rdzdrd = 027r fol ff;r rdzdrdf
but I expect you started with
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§11.5 #3 For all of these, please ask if you wish to see the regions. I will attempt to describe. You get
to choose two; I must do all four. Alas.

a. The region is a quarter of a circle of radius 3 in the third quadrant. So, the integral in rectangular
coordinates is f_Og(f_o\/m 22 + y%dy)dz (notice that one of the 7s in 73 goes to be part of rdrdfd). 1

3
hope you’re not surprised that I would rather do the polar integral: fgﬂ/z f3 ri3drdd = f3ﬂ/2 [4 .
f37r/2 %d@ _ 8lr

™

b. This is the one I mentioned on 21 November - the region is a circle centred at (1,0) of radius 1.
Shifting coordinates actually doesn’t help because it messes up the integrand. If you’re lucky, you remember
something from Calc II, in particular that the circle to the right is parametrised by r = cos, but that

has radius = %, 777/32 f02 cosf r2drdf, where one of the

rs comes from rdrdf. This integral looks not great, but surely better than the original, so away we go:

so use r = 2cosf where -5 < 0 < 5 So, we get f

/2 2cos 0 /2 cos 0 /2 8((1—sin? 6 <0 . 7‘_/2
—7f/2fO TQdeezf 7r/28 df = f w/2 %d@— 3 [Slne—fsm 9’ _%-
c. Here is the opposite of b., r = sinf is a circle of radius 2 5 centred at (0, %) This goes from 0

/T (y—1
to 5 so it produces a half circle in the first quadrant. So, we have fol fo -2 V1 — 22 — y2dzdy.

Again that rectangular integral looks rough. And the polar one has some promising signs, so we re-
7r/2 51119 3 m/2 [(1- T2)3/2 sin 6 n/2 1 3 72 1
sume: rvV1—r2drdd = ['° | —5— do = [7'"4cos®0 = [T 3(1 — sin®0)cosOdf =
0

% [Slne— 3 sin 9|Tr/2 %.

d. The region here is deceiving in rectangular but quiet nice in polar - it is the first eighth of a unit

circle. So, our polar integral becomes foﬂ/ : fol cos(r?)rdrdf. Again, I select the polar one. I think this is

rigged. fow/4 fol cos(r?)rdrdd = ﬂ/4 [ sin 2)|Od€ = ﬂ/4 1 sin(1)df = Z sin(1) .

§11.6 #2 Note, here we use “sensible” spherical coordinates, i.e. latitude and longitude, not the silliness
from §11.8. We derived:

x(s,t) = Rcos(s) cos(t), y(s,t) = Rcos(s)sin(t), z(s,t) = Rsin(s)
We can write this as r(s,t) = (R cos(s) cos(t), R cos(s)sin(t), Rsin(s)) Now we can compute
gr = (—Rsin(s) cos(t), —Rsin(s)sin(t), Rcos(s)) and 2* = (—Rcos(s)sin(t), R cos(s) cos(t),0). Now, we
need % X %| = |(—R2 cos? s cost, —R? cos? ssint, — R? cos s sin s) ’ = ’—Rz cos s{cos s cost, cos ssin t, sin s | =
/2 7r/2 2
R? cos sdsdt

is for the all—positive octant. This is about the easiest integral we’ve seen this chapter: fo (R2 sin 5|0/ dt =
7\'/2

R cos s(\/cos? s cos? t + cos? ssin® ¢ + sin® s) = R cos s. Finally we can set up our 1ntegral I

R2dt = . Because it’s an octant we multiply by 8 to get the entire sphere which gives us the com-
fortlng result Of 471'R2.

§11.7 #1 The region of integration here is clearly presented as a triangle underneath a cone. The range
of z values is 0 to 3y/22 + y2. I might like to try cylindrical coordinates because of that, but I don’t think



the triangle will be well suited. I'm going to stick to rectangular until I run into a stumbling point. The
range of y values is 0 to 2 — z, and the range of x values is 0 to 2.
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§11.7 #3 a. The two surfaces intersect at 422 + 4y = 8, i.e. 22 + y?> = 2, a circle of radius /2 centred
at the origin.

b. To find centre of mass we integrate density The xy-projection is the circle, and one surface is top
and one bottom. We find f v I j% fsz_f; -3 5dzdydx.. I'm not sure what they meant by x first, since
this seems z last to me, but it’s the only natural way to set it up

c. Yuck to doing this in other orders. One is easy: [ \ff Vv fszf; 3y ddzdzdy. And luck-

ily we always get two-for-one because of x-y symmetry. So, we must do the four others. Each of the
other ways will require breaking into two integrals. Let’s try the less-unpleasant one first: dydzdz. The
range of x values remains the same. The z values are bounded above by 8 — 322 and below by z?2, by
finding the projection, which happens conveniently when y = 0. But, then the range of y values is
a mess. It depends on the particular z value. For z < 2 we solve z = x2 + y? for y = +vz — 22,

and for z > 2 we solve z = 8 — 322 — 3y2 for y = ig/%. So putting this together we have

3y a2 +y? 2 2-x g
dy | do = / (/ —(2* + ny)dy) dx
0 0 o 2

2

2
4
dr = / 122 — 1822 + 182% — 62%dx = |62 — 623 + 914 — QZS = —8
0 2 5 | 5

0

I ff;pz fim ddydzdz + [ ffs 3a? f’ o 5dydzdx We do get two-for-one, so can switch x and

\/7 g 3y / 8— 37/ —z
y to get [ ff A 6da:dzdy+f ff2 f \/dezdzdy

Now, what about dyda:dz” The range of z values is from 0 to 8, but will probably need to be broken at
2 again. The curve z = 22 determines left-right bounds for the bottom to be between 4/z, and for the top

8—=z

5=. Then for y limits we solve z = 22 4+ 3% and z = 8 — 322 — 3y? for y in each case to get

+vz — 22 and +,/8=3== 312*2 , as before. Assembling we produce
fo f f médydxdz+ f2 Y A f' - ddydxdz and correspondingly

Fﬁ

I \/7 ddxdydz. Although, all of this is silly, why wouldn’t we

we have +

Ve o
A A 5dwdyd2+f2 S by
just use the ﬁrst way? Alas. Fortunately the rest of this problem is easy now
V2—22 (8-3z? V2—22 8-3z%-3y?
d. This is easy from b. Computef ff i )y 2y Y xédzdydz, [ ff \/ﬁf cy Y yddzdydx

and [~ \ff,j% f82+3m2 Z(Sdzdydx then divide each by [* \ff j%fszfzz 3 ddzdydz. This will
tell us the three coordlnates of centre of mass. Do not do this in the other orders in c., that would be too
silly.

e. Notice that for this problem I have been ignoring § the entire time. Now I need to notice one thing
about it if we substitute —z in for x or —y in for y we get the same result. Because of this and because the
solid is symmetric across the y = 0 and = 0 planes, the z and y coordinates of centre of mass will both be
0. The z coordinate is a mystery, probably somewhere above 2, but that’s not thinking about the density,

which is higher for lower z. That would take the integral. Fortunately, we’re not asked to do it.

§11.8 #1 This really should be cylindrical coordinates I can’t imagine doing it any other way. So, I will.
The cone is z = r and the paraboloid is z = 2 — r2. They equal when 7 = 1 (or —2, but that doesn’t make



sense for the square root). So, [ [ [, f(z,y,2)dV = [ [ [, f(r,0,z)rdzdrdf
2r el p2-7? S . 2
= / / / (rcost +rsinf + z)rdzdrdf = / / {272 cos 6 + zr?sin 6 + 52% drdf
0 0 Jr 0 0 .

2T 1 1
= / / (2r — 73 —r?)(cos 0 + sin 0) + 5(7"5 — 503 4 4r)drdf
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2 2m :
1, 1 1 5 10cos 0 + 10sin 6 + 11
:/0 {(72—47"4—37’3)(Cose+sin9)+127"6—87"4+2r20d0:/0 €8 +24sm i do
_ [10sinf —10cosf + 110 *"  1lx
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§11.8 #2 So, we are seeking the sphere ...

a. Let’s decompose the limits: = goes from 0 to 1, and y from 0 to v/1 — 22, which gives us 22 + y? =1,
so the zy projection is a quarter circle in the first quadrant, so far so good. z ranges from +/x2 + y2? to
/2 — 22 — 42, notice the second gives us 22 + y2 + 22 = 2 which is a sphere of radius v/2. That’s very
hopeful. And the first limit gives us z = r, which happens when ¢ = 7. To be sure that we stay in the
first quadrant over zy we limit 6 between 0 and 7. The distance from the origin can range from 0 to V2,
given by that sphere boundary above. Altogether this gives us (after changing the integrand with dV and
exchanging zy)

w/2 /4 V2 w/2 /4 V2
/ / / psin ¢ cos Bpsin ¢ sin 0p? sin pdpdpdd = / / / p* sin® ¢ cos 0 sin Odpdpdf
0 0 0 0 0 0

Notice this is a spherical box, so the integration is simplified because the variables do not cross reference.
In particular because of this, we can separate them by pulling out constants:

/2 w/4 V2
o . .. 3 4
= </0 cos f sin 0d9) </0 sin ¢>d¢> (/0 p dp)

The last integral is easy. The first is a simple calc I substitution, and the middle is a standard calc 2 integral
done by letting sin® ¢ = (1 — cos? ¢) sin ¢. Together they give:

(1) (8-5v2) (4/2) 4v2-5
2 12 5 ] 15
b. is already in spherical coordinates, so it can’t be the one. So, that leaves c. I like the z = r lower

bound, which will correspond nicely with ¢ = 7.

Here’s the next key for this transition: remember z = pcos¢ so z = 1 becomes p = CO£¢ = sec ¢. I think

that will serve us nicely for the limits. For the integrand cos @ doesn’t change, but since 72 = 22 + y2 and
p? =22+ 9%+ 2% we have p? =12 + 22, and so r? = p? — 2% = p?(1 — cos? ¢) = p? sin? ¢, hence r = psin ¢.
So, let’s see what we can do with the integrand. Remember dxdydz = rdzdrdf = p? sin ¢dpdfd¢. So, taking
this piece-by-piece r cos frdzdrdf = psin ¢ cos 0p? sin ;bdpdﬁdqﬁ = p3sin? ¢ cos Odpdfde.

2 mw/4 psecp 3
o Jo Jo P

So, now let’s assemble this with the limits: sin? ¢ cos Odpdpdh. And away we go with in-

tegration. First is easy, then takes some work: = 2m (/4 Ly4sin? ¢ cosé P 16df = [*™ [T* 1 sect psin? ¢ cos Odpdpdo.
o Jo 1 0 o Jo 1
s . . . . " 4 -2 . 1—cos?¢
Now, let’s rearrange just the new integrand before trying to integrate it: sec” ¢sin” ¢ = ~—= 3

= sec* ¢ —sec? ¢ = sec? ¢(1 +tan? ¢) —sec? ¢ = sec? ptan? ¢, finally some good news. So, our integral is now

1 sec” ¢ tan” ¢ cos Odp = —tan coS = =5 COS = |5 sin = 0, really??
2T L sec ¢ tan2 g cos Odpdgdd = [T [Ltan®e|T ! cos 06 = [T 1 cos8df = [ sin 62T = 0, really??

o Jo 1
All that for zero? Now that I see this end, I wish I had stayed in cylindrical all along, because I can see that

027'r fol frl r2 cos Odzdrdf = ( Ozﬂ cos 9d9) (fol frl r2dzd7") = 0. Hm.



§11.9 #1 First just follow the lines .... We have a parallelogram to begin with. The corners are at
( ‘51, —é), (g, —%), (g g) and (%, %) This is intended to not be pleasant, but I'm pleased With the
repeated £ 2 which will only produce two rather than three integrals to do. The left one is from z = —= to 5

and the rlght is from 2 to £. On the left top we have 3z — 2y = —2 and bottom we have z + y = 71 On

the right top we have :C + y = 2 and bottom 32 — 2y = 4. This produces these integrals:
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That’s a mess. I'm hopeful it will be much prettier with a change of variables Let’s see. The new

region is just the rectangle [~2,4] x [—1,2]. Solving for z = “£2% and y =
12
utd | 3u-u — g, agi Z; = det < 5% g) = 1. So now our integral is the same as

2 4
du = / idu = g
3 o 10 5

4 2 4
/ / vldv du = / i1}2
2o \J_1 O _5 10

Definitely met my hopes of being much prettier.

§11.9 #2 For better or worse, I did this in class. I don’t feel very bad about this. To find the Jacobian
we need to find lots of partial derivatives. Before, we remember the coordinate system:

z(p,0,9) = psin(¢) cos(8),y(p, 0, ¢) = psin(¢) sin(0), z(p, 0, ¢) = pcos(¢)
Let’s organise this this way, first take derivatives with respect to p:

g% (p, 0, ¢) = sin(¢) sin(6), 9z

1o}
(0,6, ) = sin(@) cos(9), 7o op

5 (9.6,0) = cos(®)

Now take derivatives with respect to 6:

Oz

o % (5,6, 6) = psin(6) cos(6), 2

(p, 0, ¢) = —psin(¢) sin(0) o 0

' 50 —(p,0,0) =

Finally take derivatives with respect to ¢:

o 0
872 8¢ 2 (p,0,6) = pcos(¢)sin(6), 87;

Now, let’s put this into a matrix, and find the determinant, and then (unlike in class) remember to take
absolute value.

(pa67¢) = pcos((b) COS( ) (p79a¢) = —psin(¢)

sin(¢) cos(f)  sin(¢)sin(d)  cos(¢)
—psin(¢)sin(0)  psin(¢p) cos(6) 0 = —p?sin(¢)
pcos(@)cos(8) pcos(¢p)sin(f) —psin(g)

Then notice, since p? is clearly positive, and sin ¢ is positive for 0 < ¢ < 7, that | — p? sin(¢)| = p? sin(¢),
which is the change in volume element we derived in §11.8.



