
Comments and student work for PS4

8.3 9. was mostly straightforward. Everyone did fine with it.

10-12 was the interesting part of the problem set. There are two errors in this sequence

of problems in the book. One is conceptual and disturbs me more, and one is quantitative

and maybe disturbs you more. The conceptual error is that the entire problem refers to an

n-sphere. The 1-sphere is a circle, the 2-sphere is the surface of a beach ball. This is not
what it intended. What is intended is an n-ball. The 2-ball is the inside surface of a disc,

the 3-ball is a solid filled in ball like a billiard ball.

The quantitative error is in the clue in the back for 12. The factor in front is the reciprocal

of the correct factor. It should be
n�1
n . This is easily verified by asking a machine to compute

the integral for n = 3. The integral for n = 1 gives a value of 2. If you multiply that by 3/2
you get 3, but the integral for n = 3 is 4/3. Notice multiplying 2 by 2/3 gives the correct

answer.

8.3.10 Explaining the pattern is important, as is showing that these coordinates satisfy

the equation for an n-sphere (here I mean sphere) of radius ⇢. The ball is the collection of

all spheres from radius 0 to r. If you do not explain why we need to extend our coordinates

each step in this way you have shown that the points are some of the points in a ball, but

not necessarily all of them. It is interesting that you have known the equation for a n-sphere
for a long time because you see how to generalise from the circle to the sphere.

8.3.11 This question is probably the hardest of this set. I have good news and promise to

keep - I will have no more n-dimensional questions for the remainder of the course. Adding

a multiple of a row to another does not change the determinant. The same is true for a

column (because taking the transpose does not change the determinant).

8.3.12 This integral is greatly simplified because you are integrating over a box - all

bounds for the integrals are numbers, and also because the variables are isolated in multipli-

cation. Using the fact that
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Using the above clue, and the easy first two integrals, you can build the pattern given in

the text.

8.6.5 Please remember you need a justification for orientation - how you know to pull the

form back to d✓dz and not dzd✓. This is done in the exemplar. Without it, your work is

only a lucky guess.

8.6.11 Is merely computing d� using the definition d� =
��@F
@r ⇥ @F

@✓

�� drd✓. In this case, F
is the function from (r, ✓) to (x, y, z). There is no orientation check needed here because of

the magnitude.

8.6.13 it seems the biggest challenge in a problem that was mostly routine was to under-

stand that a torus is made by rotating a circle around another circle. Therefore the limits



for both angle variables need to include a full circle. Most likely this means both angles go

from 0 to 2⇡, but any range that includes the full circle, e.g. �⇡ to ⇡ would su�ce.







By subtracting the product of the third column and ratio of the first element in
the first column to that in the third column from the first column of the Jacobian
matrix, all elements but the first are e↵ectively eliminated from the first column. By
also subtracting the product of the third column and the ratio of the first element
in the second column to that in the third column from the second column of the
Jacobian matrix, notice that this operation only leaves the last two entries in the
second column as nonzero entries:
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0 0 �⇢ cos ✓ sin�1

0 ⇢ cos�1 sec ✓ �⇢ sin ✓ sin�1

csc�1 �⇢ cos�1 cot�1 tan ✓ ⇢ cos�1
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By switching the order of the first and third columns, we obtain a lower triangular
matrix. Recall from linear algebra, the determinant of a triangular matrix is product
of the elements along its main diagonal. However, by switching the first and third
columns, we must now multiply this product by a factor of �1. The result is that
the Jacobian J is

J = ⇢ cos ✓ sin�1⇢ cos�1 sec ✓ csc ✓

= ⇢2 cos�1

which satisfies the given sequence for n = 3.
Now consider the case of the 4-sphere, with the given parametrization

x1 = ⇢ cos ✓ cos�1 cos�2

x2 = ⇢ sin ✓ cos�1 cos�2

x3 = ⇢ sin�1 cos�2

x4 = ⇢ sin�2

Here, the Jacobian matrix takes the form
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We subtract the product of each element in the last column and the ratio of the
first element in the first column to the first element in the last column from the first
column of the Jacobian matrix, all elements but the first are e↵ectively eliminated

3



from the first column. Similarly, by following a similar procedure for the second
and third columns of the Jacobian Matrix, the first element in the second column
and the first two elements in the third column become zeros:
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0 0 0 �⇢ cos ✓ cos�1 sin�2

0 ⇢ sec ✓ cos�1 cos�2 0 �⇢ cos�1 sin ✓ sin�2

0 ⇢ cos�2 sin�1 tan ✓ ⇢ sec�1 cos�2 �⇢ sin�1 sin�2

csc�2 �⇢ cos�2 cot�2 tan ✓ �⇢ cos�2 cot�2�1 ⇢ cos�2

3

775

We can make this a lower triangular matrix by switching, once again, the first
and fourth columns of the Jacobian matrix; a factor of �1 is multiplied to the
determinant of this matrix, which is nothing more than the product of the elements
along its main diagonal:

J = csc�2⇢ sec�1 cos�2⇢ sec ✓ cos�1 cos�2⇢ cos ✓ cos�1 sin�2

= ⇢3 cos�1 cos
2 �2

Thus satisfying the sequence for n = 4. Therefore, by induction, the Jacobian of
the n-sphere is given by

J = ⇢n�1 cos�1 cos
2 �2 . . . cos

n�2 �n�2

Problem 8.3.12:

1. First consider the case of the 2-sphere of radius r; the volume of this object would
be, using pullback,
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which is the area of a circle of radius r (a 2D object does not have volume) and is
the value of the even sequence for n = 2. For the 3-sphere of radius r, the volume
is given by
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