Rates of Change as Limits & The Definition of the Derivative;
Differentiability

Calculus I

Modeling Practices in Calculus

1 Rates of Change as Limits

We begin this section by revisiting rates of change. Recall that the average rate of change of a
function f on the interval [a, z] is the slope of the secant line between the two points x and a.

f(x) — f(a)

Tr —a

ARoC = Mgecant =

To find the instantaneous rate of change of f at a single point a, we find the slope of the tangent
line at x = a. This can be accomplished by taking the limit of the slope of secant lines between the
points x and a as x gets closer to a.

I RoC' = Mmygngent = lim M

Tr—a Tr — Qa

(1)

Another way of writing an interval between two points is [a,a + h], where h represents the change in
the z-values. So, the expressions for average and instantaneous rates of change becomes:

flath) = fla) _ fla+h)—f(a)

ARoC = secant — =
¢ m ! a+h—a h

fla+h) ~ f(a)
: )

IROC = mmngent = lim
h—0

We now have two ways of finding the instantaneous rate of change at a single point © = a by using
limits [Equations (1) and (2) above]. This also means we have two ways of calculating the slope of the
tangent line at a point z = a. So, we are able to also find the equation for the tangent line to the
graph of f(x) at x = a. We can do so in point-slope form by:

Yy — f(CL) = mtangent(x - a')
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1 RATES OF CHANGE AS LIMITS

Example 1: Let f(z) = z? — 5x.
e Find the slope of the tangent line to the graph of f(z) at x = 1.

Let’s use Equation (2) for finding my,,. Since we are finding the slope of the tangent at x = 1,
this means in the equation a = 1. So, we have:
fla+h) — f(a)

Mygy, = lim = lim
an h—0 h h—0

S +h) - f(1)

h

2 _ _(_
_ lm [(L+h)*=5(1+h)] —(—4)
h—0 h
. 1+2h+h?2—-5—->5h+4
lim
h—0 h

e Find the equation of the tangent line at = = 1.

y—fla) = mun(r —a)
y—f(1) = m(z—1)
y—(-4) = =3@-1)
y+4 = =3(x—1) <« point-slope form
y = —3x — 1< slope-intercept form

3

Example 2: Let f(z) = —. Using Equation (1), find the slope and equation of the tangent line to the
x

graph of f(x) at = = 2.
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2 THE DERIVATIVE FUNCTION

Example 3: Find the equation of the tangent line to the graph of f(z) = 2® +4 at x = —1.

2 The Derivative Function

fla+h)— f(a)
h

In the last section we showed that the limit: lim can be interpreted as the slope of

h—0
the tangent line to the curve y = f(z) at the point z = a. Let’s say we wanted to know the slope of

the tangent line at any given point, z, on the curve. This is where what’s known as the derivative
function comes into play.

2.1 Limit Definition of the Derivative
The derivative of the function f(z) with respect to x is the function f’(x) defined by:

oy e J@h) = fx)
f'(z) = lim Y

h—0

The derivative of f(x) represents the slope of the curve (slope of tangent line) at any given point, x, on

().

2.2 Derivative Notation

For y = f(z), the notation for the derivative function includes:

o, dy df d
f(x)—y—%—%—%[f(x)}

For a specified point, x = a, the derivative of a function y = f(z) at * = a can be denoted as:

dy df d
/ — o = — _ — = —
f (CL) — y <a> - d$ r—a dl’ r—a d:L’ [f(xﬂ r—a
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2.2 Derivative Notation 2 THE DERIVATIVE FUNCTION

Example 4: Using the limit definition of the derivative, find the derivative of f(x) = 32% — 7x + 2.

_ 2 _ _ 2 _
() = lim flx+h)— f(x) ~ lim 3(x +h)* =T7(x+h)+2] — [32° — Tz + 2]
h—0 h h—0 h
_ [3(22 + 2zh + h?) — T(x + h) + 2] — [32% — Tz + 2]
= 0 h
322 4+6xh+3R2—Tr—Th+2—322+Tx —2
= lim
h—0 h
6xh + 3h> — Th

— lim(6z 4+ 3h —7)
h—0

= 6x+3(0)—7
= 6z —7

5
r+1

Example 5: Using the limit definition of the derivative, find the derivative of f(z) =

(©DModeling Practices in Calculus Project 4
Shared under Creative Commons BY-NC-SA 4.0 license



2.3 The Derivative at a Point 2 THE DERIVATIVE FUNCTION

Example 6: Using the limit definition of the derivative, find the derivative of f(z) =8 — 2.

2.3 The Derivative at a Point

Using the limit definition of the derivative, it follows that the derivative of a function evaluated at
a point = = a, f'(a), is found by:

/ 7 f<a+h)_f<a>
f'(a) = lim Y

h—0

Note that this is the same equation we used to find the slope of a tangent line at a point x = a
[See: Equation (2)]. Therefore,

Miangent = f/<a)

This also means that we can write the equation of a tangent line to the curve y = f(z) at the point
T =a as:

Example 7: Find an equation of the tangent line to the curve f(z) = 2y/z at x = 9.
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3 DIFFERENTIABILITY

3 Differentiability

If the derivative, f’(x), exists for any point or interval on f(z), then we say that f(x) is differentiable
at that point or on that interval.

Theorem: If f(x) is differentiable at x = a, then f(z) is guaranteed to be continuous at z = a.

Note: The converse of this theorem is not true. In other words, it is possible for a function to be
continuous at a point, but not differentiable at that point.

There are four cases where a function will be non-differentiable, or where the derivative will not exist.

1. Corner/Sharp Turn: A corner or sharp turn can be seen on the graph of a function. At this
point where the corner or sharp turn exists, the function will not be differentiable because the
one-sided derivatives will differ at this point.

2. Vertical Tangent: At a vertical tangent the slope of the tangent line approaches co or —oo from
both sides.

3. Cusp: At a cusp the slope of the tangent line approaches oo from one side and —oo from the
other.

4. Discontinuity: If a function is discontinuous at a point, then the derivative will not exist at that
point.
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