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lexandria and stayed with me, and
1at, when | had completed the irivesti-
ation in eight books, 1 gave them to
im at once, a little too hastily, because
e was on the point of sailing, and so |
ras not able to correct them, but put
own everything as it occurred to me,
itending to-make a revision at the end.
ccordingly, as opportunity permits, |
ow publish on each occasion as much
f the work as | have been able to cor-
:«ct. As certain other persons whom |
ave met have happened to get-hold of
ie first and second books. before they
ere, corrected, do not be surprised if
>u come across them in a dlfferent
rm.

Of the elght books the first four form
1 elementary introduction. The first in-
udes the methods of producing the
iree . sections and the opposite
-anches. [of the hyperbolal and their
ndamental properties, which are in-
:stigated more fully and more gener-
ly than in the works of others. The
:cond book includes the properties. of
e diameters- and the axes of the sec-
ns as well the asymptotes, with other
ings generally and necessarily used in
termining limits of possibility; -and
hat | call diameters and axes you will
arn from this book. The third book in-
udes many remarkable theorems use-
| for the syntheses of solid. loci and for
stermining limits of possibility; most of
ese theorems, and the most elegant,
e new, and it was their discovery
hich made me realize that Euclid had
)t worked out the synthesis of the
cus with respect to three and four
1es, but only a chance portion of it,
id that not successfully; for the synthe-
i could not be completed without the
eorems discovered by me. The fourth
ok investigates how many times the
ctions of cones can meet one another
id the circumference of a circle; in
Idition it contains other things, none
which have been discussed by previ-
is writers, namely, in how many
ints a section of a cone or a circum-

ference of a circle can meet [the oppo-
site branches of hyperbolas].

The -remaining books are thrown in
by way of addition: one of them dis-
cusses fully minima and maxima,
another deals with equal and similar
sections of cones, another with
theorems about the determinations of
limits, and the last with determinate
conic problems. When they are all pub-
lished it will be possible for anyone
who reads them to form his own
judgement. Farewell.

DEFINITIONS

If a straight line be drawn from .a
point to the circumference of a circle,
which is not in the same plane with the
point, and be produced in either direc-
tion, and if, while the point. remains
stationary, the straight line be made to
move round the circumference of the
circle until it returns to the point
whence it set out, | call the surface de-
scribed by the straight line a conical sur-
face; it is composed of two surfaces
lying vertically opposite to each other,
of which each extends to infinity when
the straight line which describes them is
produced to infinity; | call the fixed
point the vertex, and the straight line
drawn through this point and the centre
of the circle 1 call the axis.

The figure bounded by the circle and
the conical surface between the vertex
and the circumference of the circle |
term a cone, and by the vertex of the
cone | mean the point which is the ver-
tex of the surface, and by the axis |
mean the straight line drawn from the
vertex to the centre of the circle, and by
the base 1 mean the circle.

Of cones, | term those right which
have their axes at right angles to their
bases, and scalene those which have
their axes not at right angles to-their
bases.

" In any plane curve | mean by a
diameter a straight line drawn from the
curve which bisects all straight lines
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drawn in the curve parallel to. a given

straight line, and by the vertex of the

curve | ‘mean the extremity of the
straight line on the curve, and | describe
each of the parallels as being drawn or-
dinatewise to the diameter.

Similarly, in a. pair of plane curves |
mean by a transverse diameter a straight
line which ‘cuts the two curves and
bisects all the straight lines drawn in
either curve parallel to a given- straight
line, and by the vertices of the curves |
mean the extremities of the diameter on
the curves; and by an erect diameter. |
mean a straight line which lies between
the two curves and bisects the portions

cut off between the curves of all straight
lines drawn parallel to a given straight
line; and | describe each of the parallels
as drawn ordinate-wise to the diameter.

By conjugate diameters in a curve or
pair of curves | mean straight lines of

.which each, being .a diameter, ‘bisects

parallels to the other.

By an axis of a curve or. pair of curves
I mean a straight line -which, being a
diameter of the curve or. pair of -curves,
bisects the parallels at right angles.

By conjugate axes in a curve or pair
of curves | mean. straight lines which,
being conjugate -diameters, -bisect at
right angles the parallels to each other.

43. From Conics: Propositions 7 and 11*
" (A Novel Method -of Construction of Sections)

" APOLLONIUS

PROPOSITION 7
[Construction of Sections]

IF a cone be cut by a plane through
the axis, and if it be also cut by another
plane cutting the plane containing the
base of the cone in a straight line per-
pendicular to the base of the axial
triangle," or to the base produced, a sec-
tion will be made on the surface of the
cone by the cutting plane, and straight
lines drawn in it parallel to the straight
line perpendicular to the base of the
axial triangle will meet the common
section of the cutting plane and the
axial triangle and, if produced to the
other part of the section, will be
bisected by it; if the cone be right, the
straight line in the base will be perpen-
dicular to the common section of the
cutting plane and the axial triangle; but
if it be scalene, it will not in general be
perpendicular, but only when the plane
through the axis is perpendlcular to the
base of the cone.

Let there be a cone whose vertex is

" the point A and whose base is the circle

BT, and let it be cut by a plane through
the axis, and let the section so made be
the triangle ABT. Now let it be cut by
another plane cutting the plane contain-
ing the circle BT in a straight line AE
which is either perpendicular to BT or
to BT produced, and let the section
made. on the surface of the cone be
AZE?; then the common section of the
cutting plane and of the triangle ABT is
ZH. Let any point © be taken on AZE,
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nd through @ let ©K be drawn parallel
> AE. I say that-OK intersects ZH and, if
roduced to the other part of the section
ZE, it will be bisected by the straight
ne ZH.

For since the cone, whose vertex is
e point A and base the circle BT, is
ut'by.a plane through the axis and the
xction so made is the triangle ABT, and
1ere has been taken any point ® on the
srface, not being on a side of the
iangle ABT, and AH is perpendicular
» BT, therefore the straight line drawn
irough © parallel to AH, that is ©K,
ill meet the triangle ABT and, if pro-
uced to the other part of the surface,
ill be bisected by the triangle. There-
re, since the straight line drawn
irough. @ parallel to AE meets the
iangle ABI" and is in the plane contain-
g the section AZE, it will fall upon the
mmon section of the cutting plane
1d the triangle ABT. But the common
iction of those planes is ZH; therefore
e straight line drawn through ® paral-
I'to AE will meet ZH; and if it be pro-
1ced to the other part of the section
ZE it will be bisected by the straight
1e ZH.

.

Now the cone is right, or the axial
angle ABT is perpendicular to the cir-
2 BT, or neither.

First, let the cone be right; then the
angle ABT will be perpendicular to
2 circle BT [Eucl. xi. 18]. Then since
2 plane ABT is perpendicular to the
ine BT, and AE is drawn in one of the
ines perpendicular to their common
ction BT, therefore AE is perpendicu-
to the triangle ABT [Fucl. xi. Def. 4];
d therefore it is perpendicular to all

the straight-lines in the triangle ABT
which meet it [Eucl. xi. Def. 3]. There-
fore it is perpendicular to ZH.

Now let the cone be not right. Then,
if the axial triangle is: perpendicular to
the circle BT, we may similarly show
that AE is perpendicular to ZH. Now let
the axial triangle ABT be not perpen-
dicular .to the circle BT. | say that
neither is AE perpendicular to ZH. For if
it is possible, let it be; now it is.also
perpendicular to-BT; therefore AE is
perpendicular to both BF, ZH. And
therefore: it is perpendlcular to the plane
through BT, ZH " [Eucl. xi. 4]..But the
plane through BT, -HZ is. ABT;. and
therefore AE is perpendicular to the
triangle  ABT. Therefore all the planes
through it are perpendicular-to the
triangle ABT [Eucl. xi. 18]. But one .of
the planes through AE is the circle BT
therefore the circle BT is perpendicular
to the triangle ABT. Therefore :the
triangle ABT"is perpendicular to the cir-
cle BT; ‘which is contrary to hypothesis.
Therefore AE is not perpendicular to
ZH.

Corollary. From this it is clear that ZH
is a diameter of the section AZE, inas-
much as it bisects the straight lines
drawn parallel to the given straight line
AE, and also that parallels can be
bisected by the diameter ZH without
being perpendicular to it.

PROPOSITION 11
[Application of Areas]

Let a cone be cut by a plane through
the axis, and let it be also cut by another
plane cutting the base of the cone in a
straight line perpendicular to the base of

. the axial triangle, and further let the

diameter of the section be parallel to
one side of the axial triangle; then if any
straight line be drawn from the section
of the cone parallel to the common sec-
tion of the cutting plane and the base of
the cone as far as the diameter of the
section, its square will be equal to the
rectangle bounded by the intercept
made by it on the diameter in the direc-
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tion .of the vertex of the section and a
certain other straight line; this straight
line will bear the same ratio to the
intercept between the angle of the cone
and the vertex of the segment as the
square on the base of the axial triangle
bears to the rectangle bounded by the
remaining two sides of the triangle; and
let such a section be called a parabola.

For let there be a cone whose vertex
is the point A and whose base is the cir-
cle.BT, and let it be cut by a plane
through the axis, and let the section so
made be the triangle ABT, and let it be
cut by another plane cutting the base of
the cone in the straight line AE perpen-

-dicular:to BT, and let the section so

made on the surface of the cone be
AZE, and let ZH, the diameter of the
section, be parallel to AT, one side of
the axial triangle-and from the point Z
let Z® be.drawn perpendicular to ZH,
and let BI'2 : BA . AT' = Z® : ZA, and
let any point K be taken at random on
the section, and through K let KA be
drawn parallel to AE. | say that KAz =
®Z ZA.

. For let MN be drawn through A paral-
lel to BT; but KA is parallel to AE; there-
fore the plane through KA, MN is paral-
lel to the plane through BT, AE [Eucl. xi.
151, that is to the base of the cone.
Therefore the plane through KA, MN is
a circle, whose diameter is MN [Prop.
4]. And KA is perpendicular. to- MN,
since AE is perpendlcular to BT [Eucl.
xi. 10]; :

therefore MA . AN = KAz
And since _ BI?: BA. AT = OZ.: ZA,
while BI?: BA. AT = (BT : TA) (BT : BA),
therefore ®Z : ZA = (BI' : TA) (I'B : BA).
But BT: TA = MN : NA _
= MA: AZ, [Eucl. vi. 4]
and BT : BA = MN : MA
=AM : MZ . libid.]
: = NA: ZA. [Eucl. vi. 2]
Therefore OZ : ZA = (MA : AZ) (NA : ZA).
But (MA: AZ) (AN : ZA) = MA . AN : AZ . ZA.
Therefore OZ : ZA = MA . AN : AZ . ZA.
But OZ:ZA=0Z.ZA: AZ . ZA,
by taking a. common height ZA; )
therefore MA. AN : AZ ZA=OZ .ZA: AZ . ZA.
Therefore MA. AN =0Z.ZA [Eucl. v. 9]
But MA . AN = KA?;
and therefore KA = @Z . ZA.



