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11.A8 Permissible and impermissible methods in geometry

But the fact that this methdd of tracing a curve by determining a number of its points
taken at random applies only to curves that can be generated by a regular and
continuous motion does not justify its exclusion from geometry. Nor should we reject
the method in which a string or loop of thread is used to determine the equality or
difference of two or more straight lines drawn from each point of the required curve to
certain other points, or making fixed angles with certain other lines. We have used this
method in La Dioptrique in the discussion of the ellipse and the hyperbola.

On the other hand, geometry should not include lines that are like strings, in that
they are sometimes straight and sometimes curved, since the ratios between straight

~and curved lines are not known, and I believe cannot be discovered by human minds,

and therefore no conclusion based upon such ratios can be accepted as rigorous and
exact. Nevertheless, since strings can be used in these constructions only to determine
lines whose lengths are known, they need not be wholly excluded.

11.A9 The method of normals

[1] The angle formed by two intersecting curves can be as easily measured as the angle
between two straight lines, provided that a straight line can be drawn making right
angles with one of these curves at its point of intersection with the other. This is my
reason for believing that I shall have given here a sufficient introduction to the study of
curves when I have given a general method of drawing a straight line making right
angles with a curve at an arbitrarily chosen point upon it. And I dare say that this is not
only the most useful and most general problem in geometry that I know, but even that I

have ever desired to know.

[2] Let CE be the curved line. It is desired to draw a straight line at right angles to it,
through the point C. I suppose the problem to have been solved, and that the sought-
for line is CP, which I prolong to the point P where it meets the straight line GA. (GA s
the line to whose points all those of CE are referred; so that putting M 4 or CB equal to
y,and CM or BA equal to x, I have some equation showing the relation between x and
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it should be, this circle must cut the curve not only at C but also in another point. Now
if this circle cuts CE, the equation involving x and y as unknown quantities (supposing
PAand PC known) must have two unequal roots. Suppose, for example, that the circle
cuts the curve in the points C and E. Draw EQ parallel to CM. Then x and y may be
used to represent EQ and QA respectively in just the same way as they were used to
represent CM and M 4; since PE is equal to PC (being radii of the same circle), if we
seek EQ and QA (supposing PE and P A given) we shall get the same equation that we
should obtain by seeking CM and M A (supposing PC and PA given). It follows that
the value of x, or y, or any other such quantity, will be two-fold in this equation, that is,
the equation will have two unequal roots. If the value of x be required, one of these
roots will be CM and the other EQ; while if y be required, one root will be M 4 and the
other Q A. Tt is true that if E is not on the same side of the curve as C, only one of these
will be a true root, the other being drawn in the opposite direction, or less than
nothing. The nearer together the points C and E are taken however, the less difference
there is between the roots; and when the points coincide, the roots are exactly equal,
that is to say, the circle through C will touch the curve CE at the point C without

cutting it.

[5] Furthermore, it is to be observed that when an equation has two equal roots, its
left-hand member must be similar in form to the expression obtained by multiplying by
itself the difference between the unknown quantity and a known quantity equal to it;
and then, if the resulting expression is not of as high a degree as the original equation,
multiplying it by another expression which will make it of the same degree. This last
_step makes the two expressions correspond term by term.

[6] Forexample, I say that the first equation found in the present discussion, namely
ry — 2quy + qv* — gs*
» o+ qry q q}’_ ,.q q

must be of the same form as the expression obtained by making e = y and multiplying
y — e by itself, that is, as y* — 2ey + e*>. We may then compare the two expressions

term by term, thus: Since the first term, y2, is the same in each, the second term,

b
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M, of the first is equal to —2ey, the second term of the second; whence,
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solving for v,or PA,wehavev=¢ ——e + 5 r; or, since we have assumed e equal to y,:
r 1 . 2 qv* — gs*
v=y—-y+ 2 r. In the same way, we can find s from the third term, e* = —q——;—-
q _

but since v completely determines P, which is all that is required, it is not necessary ¢

go further.
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11.A10 H. J. M. Bos on Descartes’s Geometry
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