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one of those that are known; it belongs to those that we simply call linear loci (without

knowing anything more about their nature or their properties). Nobody has made the syn-

i th
thesis of these loci, nor has anyone shown how they serve as such loci, not even for the one

that would seem to be the first and most obvious. These loci appear in the following

proposition.
“Tf there are six given | of the so
sides to the solid with the other three lines as sides is given,
i iven in position. . '
1111‘6‘ igi: Zhere afe more than six lines, then we can no longer say that we give the ;a’oloullztz;::;r;
me object based on four lines and another object based on'the a(‘)ther lines, eza,. there
o no figure that can be based on more than three dimensions. And yet certain n
is

lves to interpret such things, but when they referred to the

i have permitted themse hen &
;V;;?lizt gf a }i’)ectangle by a square or a rectangle they ceased being intelligible. Yet they

- 4
might have expressed and indicated their meaning generally by means of con(;pogrilsi ;‘:s i](())s,
bofh in the case of the previous propositions and in the case of those now under ,
i ing way. ' .

" }z}'ll(‘ehi(:)llllov}?;gpoinz we draw two lines given in position to other lines at glve(r; a?%ﬁas, a,Ed
the produft consisting of the ratio of one of those drawn 1(ilnes tolanotl(lieli'i,na;iy (;hateoia; }11:
i 4 that of a third couple, an
ther couple of these drawn lines, an \ . o
f:s:rgi‘awn linepto a (specially) given line—if there are seven l{nes in all—or o’f‘thati ;)Z I:,}ll:l
two last ones, if there are eight of them, is given. Then the point will be on a line g

osition. .

P The same can be said for any number of lines, even or

i i lines as
i tio of the solid with three of the drawn
e e Tinoe 20 then the point will also be on a

odd. But, as I have said, for each

is which
of these loci which follow that for four lines, there has not been made any synthesis whiel

rmits us to know the line.” .
peThe problem of Pappus can be stated in modern terms as follo
it i i line L(z, ¥) »
hat it is a problem in the plane). Iftoa : Y) : w "
th:o;gh a p}zint P(x,, o) at angle o intersecting the line L = 01in Q, then PQ = + L(z,, Yo) X

i i iven by the equations
cosec ofVa? + b? = const. L{, yo). Hence if the 2n lines are gi y

e . . +
L;=20 M, =0 = 2 n, then he locu of Pis given by the equatmn L1L2 L T
i ’ i ! 1, | value e - and to a solution with

ding on the given o, .
MM, M, =0, the value of A depen ' ! o o
X 'jcl,'ve2 ) there always corresponds another one with negative A. When.2n. 1 ];nes .
Y ven L;=0i=1 n, M, =0 @ =1,...,n — 1, then the locus is given by 80
g1ven: 3 = Uy = oy ey Ty a 5

Fig. 1
L=0

i i til the ninete :
mensions had to wait unti e 184, 56, on
£ more than 1

8 Acceptance of a geometry of four. di ; !
See Fc Cal?jori A history of mathematics (Mf;.&mlllan,tNe:tgogr(l:(;rigtig ,o
i q 40 build a system
lection I11.1, note 2. The first .1;0
g?r:ignlsoions was H. Grassmann, in his Ausdehnungslehre of 1844.

ws [Fig. 1] (it is understood
=gz +by+c¢c= 0 a line M is drawn

onth centuryy
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equation of the form LyL,--- L, + pM My - M, MM, .,---M,_, =0. For n = 2
the locus is a conic section. )

It should be noted that in tH title of Fermat’s paper selected here: Ad locos planos et
solidos isagoge (Introduction to plane and solid loci; Oeuvres, I, 92-103, French translation,
III, 85-96), the term ‘““plane locus™ refers to a locus that can be constructed with the aid
of straightedge and compass only, the term “solid locus” to one in which a conic section
different from a circle or a straight line appears. When curves of degree higher than two
appeared, the problem, or locus, was called linear. These terms appear in Pappus, and not
only Fermat but also Descartes and others used them (see Selection 1II.4). A modern

translation of the title would be: Introduction to loci consisting of strasght lines and curves of
the second degree.

There is no doubt that several ancient authors have written on loci, witness
Pappus, who, at the beginning of his seventh book, states that Apollonius had
“written on plane loci and Aristaeus on solid loci.* But it seems that to them the
study of loci did not come quite easily; this we gather from the fact that for
several loci they did not give a sufficiently general account, as will be clarified
by what follows here.

We shall therefore submit this science to an appropriate and particular
analysis, so_that from now on a general way to the study of loci shall be opened.

As soon as in a final equation [aequalitas] two unknown quantities appear,
there exists a locus, and the end point of one of the two quantities describes a
straight or a curved line. The straight line is the only one of its kind, but the
types of curves are infinite: a circle, a parabola, a hyperbola, an ellipse, etc.

Whenever the end point of the unknown quantity describes a straight line or
a circle, we have a plane locus; when it describes a parabola, hyperbola, or
ellipse, then we have a solid locus; if other curves appear, then we say that the
locus is a linear locus [locus linearis]. We shall not add anything to this last case,
since the study of the linear locus can easily be derived from that of plane and
solid ones by means of reductions.

The equations can be easily visualized [institus], when the two unknown
quantities are made to form a given angle, which we usually take to be a right
one, with the position and the end point of one of them given. Then, if no one
of the unknown quantities exceeds a square, the locus will be plane or solid, as
will be clear from what we shall say.

Let NZM be a straight line given in position, N a fixed point [Fig. 2] on it.
Let NZ be one unknown quantity A, and the segment ZI, applied to it at given
angle NZI, be equal to the other unknown quantity E. When D times 4 is equal
to B times H, the point I will describe a straight line given in position, since B
is to D as A is to £.% Hence the ratio of 4 to E is given, and, since the angle at -
Z is given, the form of the triangle NIZ, and with it the angle INZ, is given.
But the point & is given and the straight line N Z is given in position: hence NI
is given in position and it is easy to make the synthesis [compositio].

¢ Aristaeus flourished about the end of the the fourth century B.c.

5 Din A asquetur Bin B, ut Bad D,ita A ad B. Let A =z = NZ, E = y = ZI; then
Dz = By, or B: D = z:y, which is the equation of line NI.




S ———

in gi i i i a plane loc
" .angle two lines are led in given ratio, and the endpoint of one line stays on a p
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Fig. 2 N

To this equation all equations can be reduced of which the ter'ms [homi)g.e'r{'ecg
are partly given, partly mixed with the l%nknowns A and E, elt}.ler ml;1 tip. 1e1
with the given quantities, or appearing simply. Let Z pl - D times eCSl.la-,
B times E. Let D times R be Z pl. Then we will find :that Bisto D as R — Ais
to E. Let us take MN equal to R, then point M is given, hence MZ is .equ‘al to
R — A. Hence the ratio of MZ to ZI is known, but the angle a,t. Z is given,
hence also the form of the triangle IZM. We conclu.de thfl;t thfa stra.lgh’o ll'n.e M f;[
is given in position. Thus point I will be on a straight line glven in p‘osiltlonil
We reach the same result without difficulty for any equation containing the

d E. ‘
tel;llfilsisAisafhe first and simplest equation of & locus, by means of which all the
loci dealing with a straight line can be found;.see, ‘for exal%lple, the seventh
proposition of Book I of Apollonius On plane locz,.whlch has since found ﬁ more
general formulation and construction. This el?liat}llorll also leads to the following

osition, which we discovered with its help: .
ele%:: t;rli;ollzumber of straight lines be given in position. From some point (ijraw i
to them straight lines at given angles. If the sum of the products of the ‘Hnss ,
thus drawn with the given lines is equal to a given area, then the point will be
on a straight line given in position.”

8 When % — Dz = By (Z, D, By are rectangles), then i.fZ = DR (Raline), D(R — &
By, or B: D = (R — #):y; Z pl, we have seen, moans Z is a plane (area). L Lo
?/7, Ferm;a,t was one of the mathematicians who tried to recgnstmll?cb Apoll];)m;sa‘tl’)so:eco
i Wi i i f it preserved by Pappus. Yer
l ith the aid of the detailed accounts of P ) ; ¢
Qsotf(rl::tizg i‘:in the Oeuvres, I, 3-51. Proposition 7 is: f through two given points at a give!

[hence a straight line or circle] given in position, then this will be the same for the endpqm
ther.” '

of gl:nge ief A and B (Fig. 3) are the given points, AH and BD are drawn a.t.Dthe gl::l’:) zntg

AKB ar,ld AH|BD is in the given ratio, then, if H moves on line HG, _n:;)g/BE

stra,igilt line DE. Here AG | HQ, BE | ED. This follows from AH[BD = .
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We omit a great number of other propositions, which could be considered as
corollaries to those of Apollonius.

The second species of equations of this kind are of the form
A times F is Z pl,®

in which case point I traces a hyperbola. Draw N R parallel to ZI; through any
point, such as M, on the line NZ, draw MO parallel to ZI. Construct the rec-
tangle NMO equal in area to Z pl. Through the point O, between the asymp-
totes NR, NM, describe a hyperbola; its position is determined and it will pass
through point I, since we have assumed, as it were, AE—that is to say, the
rectangle N ZI—equivalent to the rectangle NMO [Fig. 4].

3

R

Fig. 4

A z M

To this equation we may reduce all those whose terms are in part constant,
or in part contain 4 or K or AE.

If we let
Dpl + A times E equal R times 4 + 8 times E,

then we obtain, by well-known methods,
R times 4 + § times £ — A times E equal D pl.

Let us construct a rectangle on two sides such that the terms R times 4 + 8
times £ — A times ¥ are contained in it; then the two sides will be 4 — § and
R — E and the rectangle on them will be equal to R times 4 + S times B —
A times ¥ — R times E.

If now we subtract R times § from D pl, then the rectangle on 4 — S and -
R — E will be equal to D pl — R times S.

Take NO equal to 8 and N.D, parallel to ZI, equal to R. Through point D,

draw DP parallel to NZ; through point O, draw OV parallel to N D; prolong
ZI to P [Fig. 5].

Say = Z.
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Since NO = S and NZ = 4, we have 4 — 8 = 0Z = VP. Similarly, since
ND = ZP = Rand ZI = E, we have R — E = PI.The rectang.le on PV and
PI is therefore equal to the given area D pl — R times E. The point I is there-

i tes.?
f 1 a hyperbola having PV, VO as asympto
OrIef (;ve ta]z:)any point X, the parallel XY, and construct the rectangle VXY,

and through point ¥ we describe a hyperbola between the. asymptotes I"V, Vo,
it will pass through point 1. The analysis and construction are easy in eVery
case. ‘

The next species of equations for lo
given ratio to B2, or, again if A2 + At

ci arises if we have A2 equal to K2, or in
imes E is in given ratio to £2. Finally this

type includes all the equations w .
e?:ol;ler A2, B2, or the rectangle on 4 and E. In all these cases the point I traces a

straight line, as can easily be demonstrated.'

Other cases leading to a straight line are (x? + ay) :‘y2 = ¢! 1?2 (l?ermatv fconmdzrs_ or;ly
ositive values). Then it is shown that the cases which we write in the o2rm x2 = Z,
52 — gz, b2 — 22 = ay, b2 + % = ay all lead to parabolas. Then follows b2 — 2% =¥,

which leads to a circle, as well as b* — 2ax — 22 = y? + 2cy.

Let MN be equal to B, and let an ellipse be described with M as vertex,

rectangle formed by the segments of the diameter [Fig. 6].1
= D — RS
9Let D + xy = Rz + Sy, then Rz + Sy —ay =D, or (x—S)(R—y)—D )

i te 6. ) )
I‘e(};u;g)li t;;};g 0 ;239: fa,l;u:)bz, (@? + ay):y? = a?:b? all lead to straight lines.

e b2 — a?):y% = p2ig? If . . / p
b li 'l:)lz; -{-lsx)zl e= zziZt.(: (MZ:M'Z)|1Z. This way of defining an ellipse 18 found, 10

instance, in Archimedes.

hose terms are of the second degree containing

But if By — Agq is to Eq in a giveﬁ ratio, then the point I will be on an
ellipse. .

as diameter, and N as center, of which the ordinates [applimtae?] are pafrailjlt;l(;
the straight line ZI. The squares of the ordinates must have a given ;‘a,tl‘(l)l e,
rectangle formed by the segments of the diameter. Then the p01‘n13 W11 o
this ellipse. Indeed, the square on NM — the square on NZ is equa. 7
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Fig. 6

N Z M

To this equation can be reduced all those in which Agq is on one side of the
equation and Fq with an opposite sign and a different coefficient on the other
side. If the coefficients are the same and the angle a right angle, the locus will
be a circle, as we have said. If the coefficients are the same, but the angle is not
a right angle, the locus will be an ellipse.

Moreover, though the equations include terms which are products of 4 or &
by given magnitudes, the reduction may nevertheless be made by the artifice
which we have already employed.

When (b2 + x2):4? is a given ratio, I lies on a hyperbola. Then follows ‘“the most dif-
ficult of all equations* which contains not only % and %2, but also xy. Fermat analyzes the
case b2 — 22% = 2zy + y2, which, as he shows, represents an ellipse.

Finally Fermat returns to Apollonius’ book on plane loci, and at the end solves one more
.problem on loci:

A single example will suffice to indicate the general method of: construction.
Given two points N and M, required the locus of the points such that the sum
of the squares of IV, I M shall be in a given ratio to the triangle INM [Fig. 7].

Fig. 7

Let NM = B, let H be the line ZI drawn at right angles to N, and let 4 be-
the distance NZ. According to well-known methods we find that 42 bis + B2
— Btimes 4 bis + E? bis is to rectangle B times ¥ in a given ratio.'? Follow-

ing in treatment the procedures previously explained we have the suggested
construction.

12NM = B,ZI = E =y, NZ = A = g Then (222 + B2 — 2Bz + 2y):By = const.
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Bisect NM at Z; erect at Z the perpendicular Z V; make Phe r.atio 40Z V to
N M equal to the given ratio. On V Z draw the semiclrcle. VoZzZ, 1nscr1be. Zl (3111113%1
to ZM, and draw VO. With V as center and VO as radius draw the circle . th,
If from any point R on this circle, we dra,\.v RN, RM , I say tha}‘;,{ the sum of the
squares of RN and BM is in the given ratio to 1:,he triangle RN M. .

The constructions of the theorems on loci could have' been muo I;E}I;e
elegantly presented if this discovery had precede'd our previous revision ot the
two books On plane loci. Yet, we do not regret this ‘work, howew{er pre(.zocic.)us or .
insufficiently ripe it may be. In fact, there is for science a -certamlfas?;lﬁ, 1{)1;) in
not denying to posterity works that are as yet spiritually incomplete; E a 011;
of the work, at first simple and clumsy, gains strength as well as stature t roug
new inventions. It is quite important that the student should be able ‘c<:jl d1s<iern
clearly the progress which appears veiled as well as the spontaneous develop-

ment of the science.

4 DESCARTES. THE PRINCIPLE OF NONHOMOGENEITY

Descartes, as we have seen (Selections 11.7, 8), presen.ted his appliqation 02 alliebr’a; ;t;odgeemvz;;}
etry in the Géoméirie, published in 1637 as App?n(.ilx I to his Discours 1e _ 7}rlzfas or in.ci °
present here the beginning of Book I of this Géoméirie, whezre Descartezs .e);p alr:ls i o}r)l Whﬁ; e
of nonhomogeneity, based on the proportions 1: a4 = a:a% a:0% = a=:a% and S0 th;or -

leads him to a notation that is substantially thej :?,ame as W: use 1121 ouII‘) mo er_ri proor g; o
equations, in which we have no hesitation in writing, say, ° + az® + 0% }-l}- ¢ = rstead
of 2® + ax® + b%x + ¢® = 0,and use z, %, 2 for the unknowns, a, b, ¢ foz % f” glven }?1 anth
ties. Descartes then applied his reformed al;g)ebrz to tg;f geomeglzi:fl tﬁ:thzf;e; ;vgn e

i . Our translation is based on the same - : :
tS(:al(;(():(t),irgxlln;It.Z %: %?::Q?The title of Book I is Problems the construction of which requires only

straight lines and circles.

All problems in geometry can easily be reduqed_to such tex:ms that a,t]imri)w
edge of the lengths of certain straight lines is sufficient fo.r their constru.cdl(;oj .

Just as arithmetic consists of only four or five opf?ratlons‘, na,mely', a b
subtraction, multiplication, division, and the extraction of' rootsj, Wh.lc}‘l ma};e
considered a kind of division, so in geometry, t0 find .requlred .hnes 11'1 lz IZIn:ha
necessary to add or subtract other lines; or else, tajkmg one line whicl L
call the unit in order to relate it as closely as po:?sﬂole to numbel.'s, anto td
can in general be chosen arbitrarily, and having.glven two other ll.nes, it
fourth line which shall be to one of the given lines as the ot,her' is toh' i
(which is the same as multiplication); or, again, to ﬁnd a fm%rth line Wd’l:;i e
one of the given lines as the unit is to the other (Whl(*:h is equivalent :;: 111 ol
or, finally, to find one, two, or several mean proportionals between ; e g
some other line (which is the same as extracting the square root, cube roob,
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of the given line). And I shall not fear to introduce these arithmetical terms into
geometry, for the sake of greater clarity.

For example, let AB [Fig. 1] be taken as the unit, and let it be required to
multiply BD by BC. I have only to join the points A and C, and draw DE
parallel to C4; then BE is the product of BD and BC.

Fig. 1

If it be required to divide BE by BD, I join E and D, and draw AC parallel
to DE; then BC is the result of the division.

Or, if the square root of GH [Fig. 2] is desired, I add, along the same straight
line, F'G' equal to the unit; then, bisecting FH at K, I describe the circle FIH
about K as a center, and draw from G a perpendicular and extend it to I, and
G is the required root. I do not speak here of cube root, or other roots, since I
shall speak more conveniently of them later.

Fig. 2

F G K H

Often it is not necessary thus to draw the lines on paper, but it is sufficient to
designate each by a single letter. Thus, to add the lines BD and GH, I call one
a and the other b, and write @ + b. Then ¢ — b will indicate that b is subtracted
from a; ab that a is multiplied by b; a/b! that a is divided by b; aa or a2 that
is multiplied by itself; a® that this result is multiplied by a, and so on, indefi-
nitely. Again, if I wish to extract the square root of a® + b2, I write Va2 + b?;
if T wish to extract the cube root of a® — b® + abb, I write ¥a® — 62 + abb,?
and similarly for other roots. Here it must be observed that by a2, b2, and similar
expressions, I ordinarily mean only simple lines, which, however, I name
squares, cubes, etec., so that I make use of the terms employed in algebra.

It should also be noted that all parts of a single line should as a rule be
expressed by the same number of dimensions, when the unit is not determined
in the problem. Thus, a® contains as many dimensions as abb or 4%, these being
the component parts of the line which I have called ¥a® — 5° + abb. It is not,
however, the same thing when the unit is determined, because it can always be
understood, even where there are too many or too few dimensions; thus, if it be

.. a
1 Descartes writes 5

2 Descartes writes VC.a® — b3 + abb,




