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11.B4. Hendrik van Heuraet on the rectification of curves

Let there be given two curves, e.g. ABCDE, GHIKL, and the straight line AF such that
(if from an arbitrary point M on line AF the perpendicular M I is drawn, cutting the
given curves in C and I, while CQ is taken perpendicular to the curve ABCDE)MCisto
CQ as a certain given segment X to M1 : then the superficies AGHIKLF will be equal to
the rectangle contained by the given segment X and a segment equal to the curve
ABCDE.

Let the line AF be divided in as many parts as you like, for example in the points O,
M and P. And let the perpendiculars OH, M1, PK be drawn, cutting the curve ABCDE
in the points B, C and D, and the curve GHIKL in the points H, I and K. And let
through the points 4, B, C, D, and E tangents be drawn, meeting each otherin R, S, T,
and V. And let through these points the lines Ra, Yb, Zc, ed be drawn, perpendicular to
AF. And let through the points G, H, 1, K and L lines be drawn parallel to AF, cutting
' Rain fanda, Ybingand b, Zcin h and ¢, ed in i and d. And finally let from § SX be
| drawn parallel to the line AF, and let the tangent TS be produced to N. Because of the
i right angle NCQ, CM will be to CQ as MN to NC. But MN is to NC as SX to ST. So
SX will be to ST as CM to CQ. And because CM is to CQ as X to M1, there will also
hold that SX is to ST as X to MI, and therefore the rectangle contained by SX or YZ
and M1 or Yb will be equal to the rectangle contained by S and . In the same way one
proves the rectangle ce to be equal to the rectangle contained by TV and X, and
[JdF % JVE, Z and [[JaY % [] contained by RS and Z. Therefore these rectangles
i taken together will be equal to the rectangle contained by X and another segment,
i equal to the tangents taken together. Because this is true for any number of rectangles
| and tangents, and the figure consisting of the parallelograms will finally become the
superficies AGHIK LF if their number is increased to infinity, and because similarly the
tangents will finally become the curve ABCDE, it is clear that the superficies
AGHIKLEF is equal to the rectangle contained by X and another segment equal to the
curve ABCDE. Which had to be proved.

However, how the length of the given curve can be investigated using this, will reveal
itself in the following examples.

Let first the curve ABCDE be such that, if on line AF an arbitrary point M is taken, if
further the perpendicular MC is drawn, if AM is called x and MC is called y, yy always

v is » X . Further. putting AQ s, CQ » v and MI x z; there will hold QM 5 — X,
i 3
3 and its square  ss — 2sx + xx. And if the square of MC,thatisyy or—,1s added toit
a

3

. X ) .

one will find ss — 2sx + xx + — % vv. Because of two equal roots, multiply accordin,
a _

: to Hudde’s method with 0 1 2 3 0,
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and one will find —2xs + 2xx + X »0. daa " g USASCM —ie. a will be to CQ —i.e. ox + — —so
a some known segment, putitl 4aa

34 (for one may choose it arbj
e itrary) to MI x z, and 0
ave z 2, /4ax + laa. And thlS argues that the line GHIKL is a parabola, };;:lel

vertex of whi
x of which is in A, with 4A » $a, and with latus rectum 4a. And thus the length

3
of the curve ABCDE is r_ i i ims :
Va 27 a,if AF oy, Similarly, if you put instead of yy ® f
a

3xx
Therefore AQors > x + — > ,and if from this AM  x is subtracted, there will rem
a
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MQ 30 the square of which is e To thisadd (JCM or> p ,and there w1ll app,
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: . x x x . :
the following equation y* % —, or ¥® 50 =, or y® 2 ~—, and so on to infinity: you will
g¢q y a y p 2 y

always find such a superficies AGHIK LF that it can be squared, and therefore all these

curves can be transformed into a straight line. If, however, ABCDE is a parabola,
3

having axis AG and latus rectum x a: then you will find MQ 307‘; and its square
4x . , 4x®  x* ,
0 ——-. Add to this CM squared, and you will have o + p” for (JCQ. From this: as

a
CoxXx ) 4x6  x* .
CM —ie.— —isto CQie. [~ + —,sosomeknown segment, putita,to MI  z:
a a aa

and so you will have z o ,/4xx + aa, and the line GHIK L will be a hyperbola, having
axis AG, centre A4, latus rectum » 3a and latus transversum o 2a. And from this

exactly we learn that the length of the parabolic curve cannot be found unless at the
same time the quadrature of the hyperbola is found, and vice versa.

11.B5 Jan Hudde’s rules

If two roots of an equation are equal, and it is multiplied by an arithmetic progression
as far as you like; to be sure, the first term of the equation by the first term of the
progression, the second term of the equation by the second term of the progression and
so on, I say that the product will be an equation in which one of the said roots

reappears.
Hudde then first illustrated this for the polynomial
X+ px24gx+1n (x> — 2yx+y?),

which plainly has the repeated root x = y, and the arithmetic progression a,
a+ b, a+2b, etc. He showed that the resulting polynomial,
Xa+ (—2y+p) xX*(a+ b) + (¥ — 2py + q)x*(a + 2b) + etc.,

has x = y as a root. To apply this observation to maxima and minima, Hudde
argued that the repeated root of the original polynomial is now common to
two polynomials, and can be found by a technique like the Euclidea

algorithm, which finds the common factors of numbers.

11.C Pierre de Fermat

Pierre de Fermat (1601—-1665) was a solitary man, never straying far
his native Toulouse, and hardly ever meeting a fellow mathematicia
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