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Last conclusion: A difformly difform quality is represented b
which the line representing the subject is the base, while the sﬁ
nonstraight line, not parallel to the base. Such a difformity may b
an infinite number of different ways, for the summit line may v
many ways. o

However, someone might say: It is not necessary to represent a g
way. I say that the representation is good, as also appears in Arist
represents time by a line. In the same way in Perspectiva the vi
represented by a triangle.® Moreover according to this representat , I g S
understand more easily what is said about uniformly difform q - "fégcé:h dgllw a,b,c;anglu!un} ¢ redumh:;’bensﬁf 3-3‘5“1?"“,“-' !
consequently the representation is good. ‘ spofiti delc bam‘,‘;:}g?::l? ::g: &gz‘?g&zé’xmg l:\.tuc: 3

uoadfati ’E&‘gfoldhgatﬁin e’puricto. Dis
oquéd latus b ¢ angulo b-a ¢ oppofium -
,3& ﬁnufarcus b e didtumangulum filbten
tis. Latus autem tertiu ' ac, e
This means that, since qualities are represented by surfaces, the equality of twol e cmr}leseﬁ ?ﬁiui?clc‘igl corrt:;)t;?n’lgltilc ::'c?.lsc t‘
may also be transferred to the qualities which they represent. In this case, thef : “Extendaturenimlatus b ¢ occurrendo cir- [
has to prove that surface OCBA = surface OCED, and from this equality it : cumferentiz circuliin puncio d., 4 punctis " |

that.the unif"ormly difform quality that is represented by OCBA is equal to thof T : ufem v 1m£$¢§?{;§lz§;l;2¥? ce.a g?:f::
quality that is represented by OCED. , @ob corda b h aquediftanslateri a.c.fes
cabunt autem (eneceffario duz lineze b h
a kangulis a b h & b'a k acutis exiftentd

2 REGIOMONTANUS. TRIGONOMETRY ‘ bus,quéd fiat in puncto g.Quia itacy femil ,
. . . . o eter 2 ¢ cordam b d fecatorthogonali=-~ = "7
Trigonometry was developed into a independent branch of mathematics by IslamjGueas et propterangulum a ¢ b reum, fecabit & ipfam per 2qualia ex tertia tertijcle
notably by Nasir ed-din at-Tiisi (or Nasir Eddin, 1201-1274). The first publicatiofis ik entor&arann b d peraqualia uldem, quemadmodum igitur tota li
Europe to achieve the same goal was Regiomontanus’ De triangulis omnimodis (Q d perdiffinitionem cordaeft arcus b d,ta medietaseius,lineafcilicet b ¢

b0 a o wus dimidij arcus b e refpicientis angulii b a e fiue b a ¢ quod afferuit
of all kinds; Nuremberg, 1533). | we :heofgn AR 1 S e Pm,mﬁm'quodca o ebgc;:fﬁm
{ didic fameterenim a X,8

4 Aristotle, Physica, IV, 11; 220&4—20. In lines 219b1-2 Aristotle defines tim: ; uely 1 S aequafcmdct «quare pet
motus secundum prius et posterius.”” Here he tries to explain that the “now. i nit mlinéare@al taraas b K, ‘r::;muneab g zqualisla
the one hand, divides time into two parts (past-future), but, on the other ki S e R Ry )  terited
continuous. He compares time to a line on which a point makes a division :
stitutes continuity on the line. ’

5 The wirtus activa is the light diffused from the source of light (lumen). Later,
17, Oresme concludes: * Such a force or such a light extends uniformly difforml
words: it is & uniformly difform quality. This appears plausible because—s
does not extend uniformly-—it seems to diminish as the distance increases; thi
has to take place proportionally, i.e., uniformly difformly” [Fig. 3]. The Pe
tioned is the one written by Witelo (Vitellio), a Polish mathematician of th
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century, first printed in Nuremberg (1535), & book that was widely rea,d,—ai W
Kepler wrote a book, Ad Vitellionem paralipomena (Frankfurt a. M., 1604).
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Johannes Miiller (1436-1476), called Regiomontan}ls from his blrthpla(:;,}fl(r);l;i?::r‘%v }111;
i instrument maker, mathematician, astyonomer, and: . o
et Nure al? lnand died in Rome as adviser to the pope on calendar re orm. : is
ie?}ﬂed ;Zt,lj; reﬁrrrllisflz%i in 1464, remained in manuscript until 1533. The book, reprinted at
Tigono , ,

i ith both plane and
i i ing the sixteenth century. It deals wit
in 1561, was widely studied during ‘ .
Bai?el'u;llfri onometry without using formulas: all theorems an(.i demonstra,tlzgsazetx}rle bl
Sptﬁr;:e uer%t references to Euclid’s Blements. The trigonome‘trlc concep 8 usmentS tho sine
‘(m'nus 03 sinus rectus) and versed sine (sinus versus), conlcelved as line seg
st
i i i R = 60.000. '
arts of a given radius (sinus totus) ) Hughos in
pr?}ieedgrslgliish translgation we give of parts of the 1?001{ is based on th:i,gﬁ}')-i})r ]29 Fl‘liist in
Regiomontanus on triangles (University of Wisconsin Press, Mad;s;}r:g iomor;tan;ls’ o
i triangles; then we presen f
ds up to the sine law of plane ‘ o
zz:sirllegathe cIc))sine law for spherical triangles. In the figures capital letters A,

instead of Regiomontanus’ a,b,...;see Fig. 1.

Book 1. Theorem 20. In every right triangle, if we descr'ibe a c‘ijrc‘lg vs;it:;lzznsﬁz
' ius the length of the longest siae,
tex of an acute angle and radius t : . .
i (;’: Is‘lfliio:nding this acute angle is the right sine [sinus ‘rect'fw] of the archad].acerég
:10 that side and opposite the given angle; the third side is equal to the sine
lement of the arc. ' .
th;i? ZYEP& triangle 4 BC [Fig. 2] is given with C the right 'angle e?nd 1}11 axll acutsz
angle a;g'ound the vertex of which a circle BED is described with the longe
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i if side 4C i8
side—that is, the side opposite the largest angle—as radius, and if side

extended sufficiently to meet the circumference of the circle at point &,

i i le,
side BC opposite angle BAC is the sine of arc BE .subter‘ldmg the glvenlea;ing
and furthermore the third side AC is equal to the right sine of the comp.

of arc BE.

i i 3%.
7 i R sin «, and his
i ’ st G tus of an angle « is our
1 Hence Regiomontanus’ swnus or s1mus €Cl g

i = - . Selection 1.4, note 2. ) )
versus of an angle o is our R versin a = R(1 — cos a). See e i, Neit

¢ tenuse,”’ herein fol

. s does not use the term ‘‘hypo " : o of B

d 2sR }?g 13:;0$: rtlzzrm “trigonometry,”’ which appears first in the title of the 7
06 x .

tolomeus Pitiscus, T'rigonometria (Heidelberg, 1595).
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Then, extending BC to CD, just as by definition the entire line BD is the chord of arc

BD, so also its half, namely line BC, is the sine of the half-arc BE opposite angle BAE
or BAC.

Book 1. Theorem 28. When the ratio of two sides of a right triangle is given,
its angles can be ascertained.
One of the two sides is opposite the right angle or else none is. First, if side

A B, whose ratio to side AC is known, is opposite right angle ACB, then the
angles of this triangle become known.

For instance, if in triangle 4 BC (Fig. 1), AB:BC = 9:7, then multiply 7 into B =
60.000 (the whole right sine, sinus rectus totus) and divide by 9. The quotient, 46667,
corresponds to about 51°3’, the value of angle 4 BC.®

Book II opens with the sine law for plane triangles.

Book II. Theorem 1. In every rectilinear triangle the ratio of one side to
another side is as that of the right sine of the angle opposite one of the sides to
the right sine of the angle opposite the other side.

As we said elsewhere, the sine of an angle is the sine of the arc subtending that
angle. Moreoever, these sines must be related through one and the same radius
of the circle or through several equal radii. Thus, if triangle 4 BG' [Fig. 3] is a

Fig. 3
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rectilinear triangle, then the ratio of side 4B to side AG is as that of the sine of -
angle AG'B to the sine of angle 4 BG; similarly, that of side 4B to BG is as that
of the sine of angle AGB to the sine of angle BAG.

® Regiomontanus had sine tables for several values of R, which he may have computed
himself, or taken from other, perhaps Arabie, sources. The table for B = 60.000 was first

published in the Tabulae directionum projectionumgue (Augsburg, 1490), The Basel edition
of De triamgulis also has a table.




GEOMETRY FERMAT. COORDINATE GEOMETRY 3 | 143

If triangle ABG is a right triangle, we will provide the proof directly from 3 FERMAT. COORDINATE GEOMETRY

Theorem 1.28 above. However, if it is not & right trla,r'xgle yet the two sides 4B i Analytic geometry (the term itself, in its present meaning, appears first in the beginning of
and AG are equal, the two angles opposite tl}e sides will also' b'e equal z'md hence B the nineteenth century) can be dated back to the works on coordinate geometry by Des-
their sines will be equal. Thus from the two sides tl.xems'elves it is established that b cartos (1637; Selections IL7, 8) an d Fermat, Fermat’s papers, probably written aboub the
our proposition is verified. But if one of the two sides is longer than f,he other— ‘ same time as Descartes’s work, were posthumously published by his son in Varia opera
for example, if AG is longer—then B4 is drawn all tbe way to D, until the whole l mathematica (Toulouse, 1679), and thus had less influence than the work of his rival. Both
line BD is equal to side AG. Then around th(? two points B and.G a8 oentors, bwo E authors were moved by the same spirit: they wanted to show how the Renaissance algebra
equal circles are understood to be drawn with the lengths of lines BD and G4 # of Cardan and his successors could be applied to the geometry of the Greeks, notably to
as radii respectively. The circumferences of these circles intersect the base of the B A\ pollonius’ theory of loci as preserve d by Pappus. In carrying out their program they
triangle at points L and E, so that arc DL subtends angle.DBL, or ABG, and L differed in their methods. Fermat used the sixteenth-century notation of Vidte, in which,
arc AE subtends angle AGE, or AGB. Finally two perp(?n(.iloulfu‘s AK and DI_{’ b o5 we have seen, our Dz = By is written “Din A aequatur Bin E,” and in which the homo-
from the two points 4 and D, fall upon the pase. l_\IOW it is evident that DI is . geneity of the formulas is preserved: when D and 4 represent line segments, then “4 in
the right sine of angle ABG and AK is the right sine of angle AGI?' Moreover, D aeq. Z pl” stands for “4 times D is equal to the area Z (Z plane).” Descartes introduced
by VL4 of Euclid,* the ratio of AB to BD, an(.i therefore to AG, is as that of E  the notation still in use in which known constant quantities are indicated by the letters
AK to DH. Hence what the proposition asserts is certain. t a,b,..., unknown or variable quantities by @, y, . .., their squares, cubes, and so on by

& o0 =a% dd,..., 2w = #2, 2%, and so on. Descartes also rejected the homogeneity of the

B formulas (see Selections II1.4, 5).
5 "' Descartes’s discussion consists in giving examples of his method. Fermat, starting with
Then follow many applications; for instance, Theorem 2 shows how to find the sides of a ] loci expressed by straight lines and following these with loci expressed by conic sections,
triangle if their sum is known together with the angles opposite them. R besa method that shows some similarity with our way of introducing analytic geometry.
' Both Descartes and Fefmat used as an important test case for their methods the so-called
problem of Pappus, found in Book VII of Pappus’ Collection (Synagoge), written at about
the end of the third century A.p. On this problem see M. R. Cohen and I. E. Drabkin, 4
“source book in Greek science (Harvard University Press, Cambridge, 1948), 79-80, and
“T. 1. Heath, History of Greek mathematics (Clarendon Press, Oxford, 1921), 11, 400-401.
ere follows Pappus’ text, which is preceded by a remark that Apollonius, in the third
ook of his Conics (c. 220 B.C.), mentions “the locus for three and four lines.” Then Pappus
ontinues:
" «PBut this locus of three and four lines, of which Apollonius says, in his third book, that
Euclid has not treated it completely, he himself has also not been able to achieve, and he has
ot even been able to add anything to what Euclid has written about it ...
“Here we shall show what is that locus of three and four lines. . . Let three straight lines
be given in position. Let there pass through the same point to these three straight lines
ee others at given angles, and let the ratio of the rectangle taken on two of these lines to
the square of the third be given. Then the point will be on a solid line given in position,
Fthat is, on one of the three conics.? And if one passes straight lines at given angles to four
taight lines given in position, and if the ratio of the rectangle taken on two of them to
ot taken on the other two is given, then the point will also be on a conic section given in
tion. On the other hand, if there are only two straight lines, then it is known that the
s is plane, but if there are more than four lines, then the locus of the point is no longer

Book V. Theorem 2. In every spherical triangle that is constructed from the
arcs of great circles, the ratio of the versed sine of any angle to the difference of
two versed sines, of which one is the versed sine of the side subtending this angle
while the other is the versed sine of the difference of the two arcs including this -
angle, is as the ratio of the square of the whole right sine to the rectangular
product of the sines of the arcs placed around the mentioned angle.

In this theorem we recognize, in geometric and hence homogeneous form, the cosine law
for a spherical triangle. We omit the proof, which is quite complicated. In our notation:

R versin o _ R? ’
B versina — R versin (b — ¢) Rsinb-Rsinc

where a, b, ¢ are the sides and o is the angle opposite @ in the spherical triangle on & sphert
of radius R. The expression can be reduced to

1 Pappus’ Collection can be consulted in the French translation by P. Ver Eecke: Pappus
&’ Alewandrie. La collection mathématique (2 vols.; Declés de Brouwer, Paris, Bruges, 1933;
Paris, 1959). The quoted text is on pp. 507-510.

2 Pappus distinguishes between plane, solid, and linear problems. The plane problems
require only circles and straight lines for their construction, the solid ones require general
conic sections, and the linear ones require more complex curves. This distinction is taken
over by Fermat as well as by Descartes (see Selection II1.4).

cos @ = cos b cos ¢ + sin b sin ¢ cos a.

¢ Theorem 4 of Book VI of Euclid’s Elements states that in similar triangles correspoxn
sides are proportional.




